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Preface

This document forms the second Handbook by Working Group 1 of COST Action
15210 ’European Network for Collaboration on Kidney Exchange Programmes’
(ENCKEP). ENCKEP, currently covering 28 European countries, brings together
policy makers, clinicians and optimisation experts in Europe to (i) exchange best
practices and scientific state of the art with respect to national Kidney Exchange
Program (KEPs) (ii) develop a jointly-used, common framework for data and op-
timisation; (iii) develop and test a prototype for transnational KEPs; and (iv)
stimulate European policy dialogue.

This handbook aims to describe best practice models and methods for producing
optimal solutions in national KEPs, that will lead to a framework for a comparative
performance assessment.

Preliminaries

The original purpose of KEPs is to bring together pairs of end stage renal disease
patients and their immunologically incompatible donors and facilitate exchange of
donors to make donations possible. The first national programme in Europe was
established in the Netherlands in 2004 [13], followed by the UK programme in 2007
[26], which is currently the largest one with over one hundred transplants every
year.

The first Handbook of Working Group 1 provided information on the current
practices of kidney paired exchange programmes in Europe and some countries
outside Europe. It described the active KEPs, including details of country specific
schemes based on a survey conducted in 17 participating countries. As the most
important information from that Handbook, Figure 1 shows the map of Europe
with existing KEPs, and Figure 2 summarises the main characteristics of these
KEPs.
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Figure 1: Kidney exchange programmes in Europe.

Figure 2: Summary table on the main characteristics of European KEPs.



CONTENTS 3

Structure of this Handbook
This handbook is a collection of descriptions of the models and optimisation tech-
niques used in the national KEPs, provided by the local experts. In the first
chapter we summarise the main characteristics of the modelling and optimisation
techniques. Subsequent chapters provide indepth descriptions for each of the coun-
tries.

Future Handbooks
The first Handbook of Working Group 2 will propose a standardised framework
for implementing KEPs. The second Handbook of Working Group 2 will recom-
mend standards to describe and assess the structure and efficiency of existing and
proposed KEPs.
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Summary

This chapter provides a framework to describe models and methods to match re-
cipients and donors participating in (trans)national KEPs in Europe. First, we
describe the general context where the complex KEPs are operating in. Within
this context, every KEP organises a sequence of matching runs in which recipients
and donors who are taking part are matched. We consider models and methods to
match recipients with donors in a single match run. We next describe the model
types, their objectives, and constraints. Subsequently, we synthesise the solution
methods practiced in European KEPs. Lastly, we zoom out: from the modelling
and methods used to solve a single match run to general performance measures for
KEPs.

1.1 Kidney Exchange Programmes and their Context

KEPs operate within a complex context encompassing health system components,
governmental policies, and ethical and legal frameworks. Hence their operation
and performance is best introduced and understood from this context, as now first
described below.

1.1.1 How KEPs improve outcomes for Patients with End Stage
Renal Disease

The 2016 Global Burden of Disease Study identifies chronic kidney disease (CKD)
as the 11th most common cause of death globally, accounting for almost 1.2 million
deaths worldwide (2.17 %)[20]. In Europe, Chronic Kidney Disease accounts for
1.52 % of all deaths. The number of death resulting from CKD grows both in
absolute and in relative terms, and has almost doubled globally since 1990 ([20]).

No cure exists at present for Chronic Kidney Disease Kidney. It may progress
over several stages, the last one of which is called End Stage Renal Disease (ESRD).

5



6 1. SUMMARY

The most common treatment for ESRD is dialysis. Dialysis is a costly treatment.
For instance recent evidence from the UK estimates yearly costs to range from
15,000 to 35,000 GBP [5].

Compared to dialysis, the alternative of transplantation offers longer life ex-
pectancy, better quality of life, and lower average treatment costs [47, 23, 41, 4].
Hence, transplantation is preferred as a treatment across Europe.

In Europe, transplantation treatments are often provided through dedicated
and well organised transplantation programmes. Initially these programmes were
set up to transplant kidneys from deceased kidney donors (DKD). At present, most
European countries operate nationally organised DKD programmes through which
the majority of transplants are organised. There is a great variation in the volumes
of DKD programmes across Europe, depending on ethical and legal regulations,
as well as on the operational effectiveness of the programmes and the healthcare
systems in general [18]. By way of illustration, the Spanish DKD programme
has the highest deceased donor kidney transplantation rate at 57.6 per million in
2016. Germany, on the other hand, has a deceased donation rate of 27.4 per mil-
lion. From an operational perspective, variation is more limited, as many national
programmes follow international protocols and standards, and collaborate across
national borders to improve effectiveness. The organisations Eurotransplant and
Scandiatransplant manage such international DKD programmes in Europe.

In all European countries, the demand for kidney transplants increasingly ex-
ceeds the supply of kidneys retrieved from deceased donors. Hence, DKD pro-
grammes have waiting lists. Recently reported waiting list lengths are for instance
2208 patients in Scandinavia (January 2018), 5033 patients in the UK (March 2018).
Both of these numbers considerably exceed the yearly number of transplants per-
formed in these countries, and the same applies across Europe and the developed
world, see [18] for complete data in Europe. Patients on the waiting lists are typi-
cally on dialysis, and it is not uncommon for patients to become too ill to obtain a
transplant or to die while on the waiting list, as also witnessed by the death rates
presented above.

In addition to deceased donation, kidneys can be donated by living donors, as
the human body has two kidneys, while commonly one suffices. Compared to DKD,
living donor kidney donation (LKD) has better long-term patient and transplant
outcomes [47, 25, 29]. This, in combination with the relatively poor outcomes of
dialysis and the shortage of deceased donor organs, led to the establishment of LKD
programmes in Europe, to complement existing DKD programmes. In 2017, the
number of transplants resulting from LKD as a percentage of the total number of
transplant in Europe were for instance, 5 percent in Germany, 10% in Spain, 26.4%
in Scandinavia, 30% in the UK, and slightly over 50% in the Netherlands [18].

The default procedure to enable LKD is for a patient to find a living person
willing to donate a kidney, and receive a kidney from this specified donor. In the
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remainder we will refer to such a patient and donor as a pair, and also refer to
the patient as a recipient, or as the specified recipient of the donor. However, in
some countries, living donation to a stranger – unspecified or non-directed altruistic
donation – makes an important contribution to the number of kidneys available for
transplant and to national KEPs.

Even when a patient finds a specified donor, however, transplantation of the
kidney from this donor to the patient may be unfeasible because the patient (recip-
ient) and donor are not medically compatible (are incompatible). Below we explain
the forms and definitions of compatibility, while noting already that these have
changed over time. (The reader may further note that they also apply in case of
DKD.)

Compatibility may take into account:

• ABO-Compatibility, which refers to the blood types, A, B, AB, and O.
Type O donors can donate to all recipients. Type A donors can donate to
Type A and Type AB recipients, and type B donors can donate to Type
B and Type AB recipients. Type AB donors can only donate to Type AB
recipients. A donor and recipient are said to be ABO-compatible if the blood
type of the donor and recipient are such that donation is possible with regard
to blood type.

• HLA-Match, which refers to the extent to which the Human Leukocyte
Antigens of the recipient and the donor are alike. The more they are alike,
the more compatible from a viewpoint of HLA matching. When fully alike
(i.e., for identical twins) we speak of a perfect HLA match [45, 19].

• HLA-Crossmatch refers to the test to decide whether a recipient has anti-
bodies to the HLA of the donor (in significantly high concentration). If this
is indeed the case, one speaks of a positive crossmatch which is seen as an
indication that the transplantation will not be successful. A positive cross-
match is only possible when the HLA match is not perfect. (Below we also
elaborate on virtual cross matches.)

Originally, recipients and donors were only considered compatible when they
were ABO-compatible, and there was a perfect HLA match (and hence the cross-
match is negative). The development of immunosuppressant drugs made donation
possible in case of less than perfect HLA-match. Recent advancements with so
called desensitisation also make ABO-incompatible and HLA-incompatible trans-
plants possible [24]. These dynamics have led to the definition of half-compatible [3].
A recipient-donor pair is said to be half-compatible when the crossmatch is negative
and transplantation between donor and recipient requires desensitisation treatment
to overcome ABO-incompatibility. Recent evidence suggests that state of the art
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desensitisation treatment results in outcomes from ABO-incompatible transplants
that differ at most slightly from outcomes after ABO-compatible transplants [32].

Highly sensitised patients are those who, due to the presence of high titres of
HLA antibodies in their blood, are less likely to find compatible donors. Different
KEPs use different parameters to characterise a highly sensitised patient, and some
give highly sensitised patients priority to avoid the build up of such patients in the
pool.

Other factors that influence transplantation outcomes, in particular graft sur-
vival, relate to the quality of the kidney – which is for instance correlated with
donor age, – and the health of the recipient – which is for instance correlated with
recipient age and time on dialysis.

With these reflections on outcomes and definitions of compatibility at hand, we
can now consider the purpose of KEPs. Originally, KEPs were initiated to provide
recipients who do not match with their specified donor access to a compatible
donor by exchange of donors between recipients. In later years, the scope of KEPs
has been extended. Because of advances in immunosuppression and desensitisation,
recipient-donor pairs that are (half-)compatible, might still choose to participate to
find a more compatible donor. Furthermore, altruistic donors, i.e., donors without
an intended recipient, may volunteer to participate. Fourth, some KEPs integrate
their LKD program with the DKD program, e.g. by starting chains with deceased
donors. All of these extensions are further covered below.

1.1.2 KEP Design Variations

Below we synthesise the variations in the design of KEPs as reported by existing
European KEPs. KEPs register a set P = {p1, p2, . . . , pn} of recipient-donor pairs
pi = (ri, di), i = 1, . . . , n where ri denotes the recipient and di the donor of pair pi.

• Exchange cycles: Initially KEPs sought to match recipient-donor pairs
together. More precisely, they sought to identify two pairs pi = (ri, di) and
pj = (rj , dj) such that recipient ri is compatible with donor dj and — vice
versa — recipient rj is compatible with donor di. Such exchanges are called
pairwise exchanges. Some European KEPs, e.g., in France are still based on
pairwise exchanges, and other countries with larger programmes, such as the
UK, Spain and the Netherlands, also give priorities to pairwise exchanges (see
the details later).
Most of the European KEPs have advanced beyond pairwise exchanges, or are
preparing to do so. As pairwise exchanges can be viewed as forming a cycle
of length two, between pairs i and j, a natural extension is to cycles of length
three, also known as three-way exchanges. In a three-way exchange, there are
three pairs, pi = (ri, di), pj = (rj , dj) and pk = (rk, dk), and ri is matched
with dj , rj with dk, and rk with di. At present, the Spanish and the UK KEPs
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only consider pairwise and three-way exchanges (for reasons explained below).
Four-way exchanges are allowed in the Netherlands. Within Europe, longer
exchanges are allowed in several countries (such as Belgium and Portugal),
yet so far they have only been conducted in the Czech Republic.

• Altruistic chains: Altruistic donation is allowed in some, but not all Euro-
pean countries. It is legally forbidden in France, Poland and Portugal. Where
allowed, it can for instance take the form of donating to a recipient in the DKD
programme (by default in Belgium, but occasionally also in other countries).
The KEPs in the Netherlands, Spain, and the UK also explicitly incorporated
altruistic donation in their KEPs. An altruistic donor can donate to a (first)
patient, whose specified donor can then donate to a (second) patient and so
on, with the last kidney donated to the waiting list. Thus, altruistic donors
may initiate an exchange involving multiple pairs, which form a chain. As
was the case for cycles, European KEPs may impose limits on the maximum
number of pairs involved in chains. Such limitations vary across European
KEPs which allow altruistic donation, roughly following the limitations on
cycle length described above.
Alternatively, donation by the last donor may be delayed, and he can continue
the chain at a later moment. In such a case, this donor is referred to as a
bridge donor. Through bridge donors, chains may become longer or even
never ending. European KEPs have no explicit arrangements yet for such
never ending chains.

• Timing of match runs: A match run is the process of constructing cycles
and chains among donors and recipients participating in a KEP. Many Euro-
pean KEPs organise their match runs periodically. Poland organises a match
run every month; the Netherlands, Portugal, and the UK have match runs
every three months; whilst Spain has match runs every four months. Spain
also organises match runs whenever a new altruistic donor arrives. Other
countries also choose to organise their match runs on occasion, rather than
following periodic patterns. For instance, in Belgium the match runs are
organised when requested by a transplant centre.

• Relationships with DKD: Deceased donation is often considered as the
default treatment, also as it does not cause any health risk to living donors.
Hence, patients registered in KEPs are often also registered for the DKD
waiting list.
Some countries allow and utilise interaction with the DKD programme in the
form of deceased chains, when one recipient in the KEP receives a kidney
from a deceased donor and then his/her donor starts a chain (as in the case
of an altruistic chain) with the last donor donating to a recipient in the
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DKD programme. Three such chains were started in Italy in the summer of
2018. The most common modality for interaction with the DKD programme
is through altruistic chains, as described above.

• Inclusion of compatible pairs: Some European KEPs explicitly restrict
registration to incompatible pairs, e.g., Belgium, France and Portugal. Other
countries allow or even encourage compatible pairs to participate, in order
to improve outcomes for themselves and/or for other recipients. KEPs that
enable such participation often provide additional arrangements to ensure
that such participants are matched to a donor who is at least as good (to
be defined below) as their specified donor. For example the KEPs of the
Czech Republic, Scandinavia and Spain have explicit arrangements for this
purpose. Moreover, in search of match run solutions, the KEPs may simply
end up matching such recipients to their specified donors, if no alternative
can be found.

• Desensitisation as an alternative of KEP: For ABO-incompatible pairs
transplantation from the specified donor to his/her recipient is possible with
desensitisation. Hence, these pairs do not need to register in a KEP and
be transplanted through an exchange. The recommended pathway for such
pairs differs across Europe depending on their healthcare systems, traditions
and also the size and effectiveness of their KEPs. If the default treatment is
desensitisation and, as a consequence, the KEP pool is small, then this gives
another reason for the patients not to register in the KEP due to the rela-
tively limited chance of finding exchange partners. This is the case in France
and Italy, for example. The countries with the longest standing KEPs (i.e.,
Netherlands, UK, and Spain) the policy is to prefer exchange over desensiti-
sation, and as a result have larger pools, which improve match probabilities
for participants, and reduce waiting times. In these programmes the ABO-
incompatible pairs which are not matched in a reasonable time (e.g. within
two rounds) are advised to consider desensitisation.

• Allowing ABOi transplants in exchanges: When a recipient is not even
half-compatible with the specified donor, KEPs may consider matching with
half-compatible donors through donor exchange. The Czech, Scandinavian,
Spanish and UK KEPs presently facilitate such matches.

• Multiple donors registering for one recipient: This is allowed in most
KEPs and not yet in some, such as in Belgium, France and Netherlands.
This option increases the chances of finding a suitable exchange. When the
recipient is matched, obviously only one of the corresponding specified donors
donates to another recipient.
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1.1.3 Logistics and Organisation

To avoid the possibility where a donor withdraws after their specified recipient has
received a kidney from another donor but before donating themselves, most KEPs
require simultaneity of transplantations for all donors and pairs in a same cycle.
The Czech Republic and Poland do not enforce simultaneity in cycles and have
successfully conducted non-simultaneous exchanges (such as the 7-way exchange
conducted in the Czech Republic). As parallel transplantation capacity is limited
or logistically difficult to organise, a simultaneity requirement poses restrictions on
exchange cycle length.

In the case of altruistic donation, simultaneity may be less of a strict require-
ment, as recipients can receive kidneys before their specified donor donates, thus
avoiding the risk of leaving a recipient unmatched and without donor. Thus, the
maximum length KEPs allow for chains may exceed the maximum length for cycles.
In fact, when the last donor repeatedly initiates a new chain in the next match run,
the chain can become never ending. We refer to Figure 1.1 for an overview of chain
and cycle length limitations implemented by European KEPs.

KEPs admitting longer cycles for which they perform all transplants simulta-
neously, may need or prefer to spread these transplants across multiple centres
because of capacity restrictions of the centres, as the case of the Dutch programme.

Anonymity may form another reason to involve multiple centres. Several Euro-
pean countries (e.g. the Netherlands, Spain, UK), require anonymity either legally
or by protocol. Anonymity is difficult to ensure when performing surgeries for mul-
tiple pairs involved in an exchange in the same hospital or when the donor travels
to the hospital of the patient for the transplant.

If the donor travels or the kidney is shipped, the travel distance may play a role
in the matching. Spain for example, has a preference to match recipients to donors
from the same region.

1.1.4 HLA-testing and re-optimisation

Before a transplant is conducted, laboratory tests for HLA matching and cross
matching must be done. Depending on the lab results, the transplant can be
considered infeasible, or requiring immunosuppression and/or desensitisation. The
European KEPs vary considerably in their organisations of the lab testing and the
integration of the lab tests with the match runs.

HLA matching requires the HLA profile of each recipient and each donor to be
determined. HLA matches can subsequently be determined by comparing the HLA
profiles of donors and recipients. HLA cross matching requires to determine whether
a recipient has antibodies against the specific HLA of a donor. The compatibility
check of a pair is done first via so-called virtual crossmatch tests by comparing the
ABO types and the HLA data of the patient and donor. For pairs that are matched
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and estimated to be compatible, a laboratory crossmatch test must subsequently
be done before transplantation is approved. The timing of the lab crossmatch
tests differ across countries, as these can be costly or time consuming, especially if
multiple HLA labs are involved in the testing.

For KEPs with smaller numbers of participating pairs and in smaller countries
it may be feasible to conduct all the lab crossmatch tests prior to executing the
match run. Poland and Portugal has adopted this practice. For larger KEPs, com-
plete a-priori crossmatching is often considered undesirable or infeasible. Hence,
in such cases, the lab crossmatch testing is done after the match run on the vir-
tual crossmatch input has resulted in a set of cycles (and chains) to consider for
transplantation. Now, any cycle or chain can only be executed if all transplants
implied by the cycle (or chain) are between a recipient and donor for which the lab
crossmatch is negative.

European KEPs have different procedures to advance in case there are positive
crossmatches for one or more transplants in the proposed exchanges. We now
present three examples for crossmatch testing and re-optimisation strategies in the
largest national KEPs:

• UK: The UK KEP uses multiple HLA-labs and considers only one solution
per periodic match run. To improve the likelihood that all transplants in a
cycle will proceed the UK KEP only allows pairwise and three way exchanges
to minimise the risk of immunological, clinical or logistical reasons preventing
transplants proceeding to plan. Moreover, it prefers three-way exchanges that
contain embedded pairwise exchanges; should the three-way exchange fail to
proceed, there is still a possibility that the embedded pairwise exchange could
go ahead. After the crossmatch results have been obtained, the KEP performs
as many transplants as possible from the match run solution.

• Spain: There are multiple HLA labs and two rounds of testing. In the first
round an optimal solution is tested and in the second round an alternative
solution, where the cancelled cycles are intended to be repaired.

• Netherlands: One central HLA lab is responsible for the HLA testing and the
performance of the crossmatches. If a positive crossmatch is found the match
run will be repeated by the coordinators to find the next-best solution for
which also the crossmatch tests need to be negative (if not, these steps will
be repeated).

1.1.5 KEPs as dynamic systems and their long term performance

After each match run, some recipients may have received a transplant, and hence
these pairs and some or all of the altruistic donors leave the KEP. Over time,
new recipient-donor pairs arrive and register. Additionally, pairs may leave, for
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example as a result of receiving a transplant from the DKD programme, finding a
(half-)compatible donor, or becoming too sick to be transplanted.

From the above it is evident that the effectiveness of a KEP is not determined
by the quality of the solution found for a single match run, but by its contribution
to address the long-term health problems of the recipients registering over a period
of time, and in relation to alternative solutions, such as the DKD programme and
desensitisation programmes. When assessing the ways KEPs are organised and
exchanges are identified at match runs, it is therefore appropriate to take a longer
term perspective. This holds particularly true when including altruistic chains that
span multiple match runs.

Longer-term performance criteria considered by European KEPs are: total num-
ber of transplants performed, percentage of recipients in the KEP who have received
a transplant, average waiting time until being matched, quality of life for recipients
and donors after transplant, graft survival times, recipient survival rates, and donor
survival rates. Moreover, these outcomes are considered over various recipient sub-
populations, e.g., per blood type, or with regard to highly sensitised patients, to
also assess equity and fairness considerations.

1.1.6 International collaborations

As described above, international collaboration is common practice for DKD pro-
grammes, and increasingly practised by KEPs. Such collaboration can result in
finding better matches, and in matching more recipients. The resulting interna-
tional KEPs typically (but not necessarily) align with national KEPs already in
place, rather than replacing them. We categorise the possible cooperations as fol-
lows.

• Merged pools In the most advanced mode of cooperation, the pools are
merged and a solution is found for a match run involving the merged set of
pairs. In this variant, there are no national match runs. Still, the countries
involved may have different constraints and objectives. Examples of this
approach is STEP organised by Scandiatransplant, which started in Sweden,
but will soon include Denmark and Norway. The same approach is used in
the cooperation between Austria and Czech Republic since 2016 [9].

• Consecutive runs In the cooperation of Portugal, Spain and Italy, first
each country conducts its national matching run, after which the remaining
patient-donor pairs participate in an international match run.

• Outside registrations A (large) country may extend registration of pairs
to its KEPs to pairs from another country. Such arrangements exist between
the UK and Ireland, and between France and Switzerland (where the pairs
from the latter countries join the KEPs of the former).
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1.2 Matching model

This section presents the models and methods used to find a solution for a single
match run of a KEP. The objectives and constraints in the models, as well as the
design of the solution methods are closely based on the contextual considerations
described in the previous section.

Before going into the details of the models and optimisation methods however,
let us mention that most European KEPs have adopted procedures through which
in the end clinicians decide on the actual matching. This is done with the pur-
pose of taking all relevant medical considerations into account, as well as to have
feasibility explicitly checked by all centres involved. As a result, the technologies
applied may not be optimisation methods in the classical sense. For instance, the
methods practised by the Czech, Polish and Portuguese KEPs deliver a ranked list
of solutions, from which clinicians choose. In Spain, once a solution is obtained and
the centres are informed, those centres share clinical information and coordinate
the crossmatch tests. They inform the Spanish KEP whether they advance with
the transplantations resulting from the match run. In the Netherlands the donor is
assessed in the recipient centre which ultimately finally decides on the suitability of
the donor for the patient (sometimes therefore crossmatches tests are alo repeated
in the recipient centre).

1.2.1 Mathematical models

There are two broad classes of models used to describe the problem of finding an
optimal set of exchanges for a match run. The first class encompasses graph models.
It appears especially suitable to derive structural properties of the solutions and
the analysis of the computational complexity of the algorithms. A second class is
formed from integer programming formulations. These formulations have been par-
ticularly helpful to advance solution methods. Both classes, and the corresponding
models and methods are considered in more detail below.

Graph model

The classical model that is used to formulate the problem of finding solutions for a
match run that take compatibility into account is the so-called compatibility graph.
It is a directed graph D(N, A), in which there is a node ni ∈ N for each recipient-
donor pair for i = 1, . . . , n. There is an arc (i, j) from node ni ∈ N to node nj ∈ N
if the donor of pair ni is compatible with the patient of pair nj . Note that in
case ABOi transplants are also considered in exchanges then we may distinguish
a special set of arcs A′ ⊆ A representing half-compatible donor-patient pairs. A
self loop, i.e. an arc (i, i) where ni ∈ N represents a (half-)compatible recipient
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donor pair. The compatibility graph is called virtual compatibility graph if the
compatibilities and weights are estimated based on virtual crossmatch test results.

Multiple donors may also be registered for one patient, in which case we have
an arc (i, j) if some of the donors of pair ni is compatible with the patient of nj .

We may distinguish a special class of nodes Na ⊆ N to represent altruistic
donors. A possible way of simplifying the modelling is to assume that altruistic
donors have specified dummy recipients who are compatible with all donors, except
for altruistic donors. Hence the altruistic donor nodes ni ∈ Na have incoming arcs
from every node ni ∈ N \Na. Any chain emanating from an altruistic donor node
can now be trivially extended to form a cycle by adding an arc from the last node
on the chain to the altruistic donor node).

After the modification of D(N, A) for altruistic donor nodes, a match run so-
lution consists of a set of cycles in D(N, A). As each donor and recipient can
participate in at most one transplant, the problem of finding a match run solution
can now be interpreted as a node-disjoint cycle covering problem. Moreover, a
maximum cardinality cycle covering in D(N, A) now refers to a match run solution
with the highest possible number of transplants.

Each arc (i, j), can have a weight wi,j to represent the utility of matching
the donor from pair ni ∈ N with the recipient of pair nj ∈ N . This value can
include clinical considerations as well as other priority-based contributions, such as
matching type O donors to type O patients. Moreover, nodes Ni ∈ N can have
weights to distinguish priorities among recipients, for instance depending on waiting
time or sensitisation. Further, cycles can have cycle weights, for instance according
to cycle length or to the structure of the subgraph induced by the nodes included
in the cycle. An example of such a subgraph property is the number of pairwise
exchanges in the induced subgraph of a three-way exchange (also referred to as the
number of back-arcs in a three-way exchange). All such weights enable solutions to
be distinguished based on performance criteria for the KEPs and subsequently per
match run.

Integer programming formulations

As is common, the graph model presented above can be formulated as an integer
program. Here we present two basic formulations, referred to as the arc formulation
and the cycle formulation [1].

Arc formulation

The arc formulation has a binary variable yi,j for each arc (i, j). Finding a
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maximum (value) solution with cycles of length at most K can be solved as follows.

max
∑
i,j

wi,jyi,j (1.1)

s.t.
∑
j

yi,j −
∑
j

yj,i = 0, ∀i ∈ V (1.2)

∑
j

yi,j ≤ 1, ∀i ∈ V (1.3)

yi1,i2+yi2,i3+· · ·+yiK−1,iK ≤ K−1, for each directed (non-cyclic) chain of length K
(1.4)

Cycle formulation

The cycle formulation uses a binary variable xc for each cycle c of length at
most K. We denote this set of cycles by CK . The weight of a cycle c is denoted
by wc, which can be taken as the sum of the edge-weights in the cycle, or can be
defined differently as mentioned above. Finding all cycles in the graph can be done
using e.g. Johnson’s algorithm.

max
∑
c∈CK

wcxc (1.5)

s.t.
∑

c∈CK ,i∈c
xc ≤ 1 , ∀i ∈ V (1.6)

Note that when a KEP applies different upper bounds for altruistic chains
compared to those used for cycles, the model needs to be refined. See [22, 2, 16],
for example.

Data and Parameters

Most data that is required to solve actual match runs can be straightforwardly
collected from recipient and donor records. From the HLA lab test the ABO types
and HLA profiles can be obtained. The individual lab tests will also provide the
data on HLA antigens and antibodies, as needed for virtual crossmatch tests. These
lab tests can be done according to different methods and with different degrees of
accuracy and hence the correctness of the virtual crossmatch tests may vary among
KEPs. They may even vary within KEPs in case multiple labs are involved, as is
particularly relevant for international KEPs (see also Chapter 2.)

In addition to patient- and recipient-related data, the models practiced in Eu-
ropean KEPs require other parameter values to be set. Some of these values may
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be set implicitly, as is for instance the case when restricting the KEP to pairwise
exchanges or to pairwise and three-way exchanges, and when applying dedicated
solution methods (as in Scandinavia, Spain, and the UK). Other KEPs may fix
cycle lengths through policies, or manually (as in Poland and Portugal), or weight
it via an objective function coefficient. Obviously, any other objective functions
weights (coefficients) must also be set. With few exceptions, these parameters are
fixed as they are set in legislatory frameworks or formalised policies. The same goes
for parameters in constraints, e.g., regarding maximum age differences allowed.

1.2.2 Constraints and objectives

Below, we summarise and synthesise model variations among European KEPs.
Objective functions are presented first, after which constraints follow. The presen-
tation follows the graph and integer programming formulations and terminology.
Often, performance measures considered in the objective function might also be
modelled in constraints (and vice versa). For example, age differences may be
weighed into a multi-criteria objective function, or bounded via a constraint. Fig-
ure 1.1 presents a further summarised synthesis of the modelling choices made by
eight existing European KEPs.

Objectives

All European KEPs have formulated multiple-criteria objective functions. Some
(implicitly) formulate hierarchical objective functions, whilst others consider objec-
tive functions that weight the various criteria. As hierarchical objective functions
can be reformulated as weighted objective functions, we may consider all objective
functions as weighted. However, as the hierarchies are often explicitly or implicitly
distinguished in the solution methods, the hierarchical models are also explicitly
presented as such.

Below we first present a complete list of criteria included in European KEPs.
The criteria are grouped thematically. Where helpful, brief motivations and inter-
pretations provide further clarification. Between brackets we list the countries that
include the objective criterion or constraint. We also include a short explanation
of a sample implementation of each criterion for a cycle formulation.

Optimising number of actual transplants to perform:

1. Maximising the number of transplants (All).
This can be implemented with the objective function max

∑
wcxc where wc

is the length of cycle c.

2. Minimising the length of the longest selected cycle, as longer cycles are more
likely to result in positive crossmatches, and thus in transplants that will not
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be performed. Selecting shorter cycles is also important for logistical reasons.
(NL, UK)
Mathematically, this is formulated as min max wcxc where wc is the length
of cycle c. This can be implemented in an ILP by adding a variable mi for
each i ∈ {1, . . . , L} where L is the length of the longest cycle. Constraints
will ensure that mi will take the value 1 if and only if a cycle of length ≥ i is
selected. These constraints are implemented by first letting Ci be the set of
cycles with lengths at most i (so C3 is the set of all cycles of length 2 or 3),
and then adding the constraints

mi ≥
∑
c∈Ci

xc

|Ci|

for each i ∈ {1, . . . , L}. We can then minimise the function
∑

mi to minimise
the length of the longest cycle.

3. Maximising the number of cycles selected, (which in turn reduces the average
lengths of the cycles) (CZ, ES, UK).
This can be implemented with the objective function max

∑
xc.

4. Maximising the number of pairwise exchanges in the subgraphs induced by
three-way exchanges, i.e. the number of back-arcs, in order to improve the
number of matches remaining after deleting positive crossmatches from the
solution, and also for logistical reasons. (ES, UK).
This can be implemented by the objective function max

∑
wcxc where wc is

the number of back-arcs in cycle c.

5. Maximising the number of pairwise exchanges and three-way exchanges with
embedded two-way exchanges (UK).
This can be implemented with the objective function max

∑
wcxc where wc =

1 if and only if cycle c is a pairwise exchange or a three-way exchange with
an embedded two-way exchange.

Improving the overall quality of the transplants:

6. Minimising the number of implied desensitisations in KEPs that allow ABOi
and/or HLAi transplants (CZ, SE).
This can be implemented with the objective function min

∑
wcxc where wc

is the number of implied desensitisations in cycle c.

7. Maximising the (weighted) sum of the HLA-matching scores (CZ, PL, UK)
with focusing on DR-antigen in particular (CZ).
This can be implemented with the objective function max

∑
wcxc where wc is

the weighted sum of HLA-matching scores across all the transplants in cycle
c.
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8. Minimising age differences between the donors and patients (BE, PL, ES).
This can be implemented with the objective function min

∑
wcxc where wc

is the sum of the age differences between donors and patients in transplants
in cycle c.

9. Prioritising paediatric patients (ES).
This can be implemented with the objective function max

∑
wcxc where wc

is the number of paediatric patients involved in the cycle.

10. Prioritising patients that have not started dialysis yet (BE, PL).
This can be implemented with the objective function max

∑
wcxc where wc =

1 if and only if the patient has not started dialysis.
For the criteria below, prioritisation can be implemented by including an objec-

tive that maximises the total weight of the matching (max
∑

xcwc) and adding a
suitable weight to a cycle for each transplant of the particular type. For instance,
the Spanish system priorities highly sensitied patients by adding 30 points to the
weight of a cycle for each donor with less than a 26% chance of finding a compatible
donor. Certain types of transplants (i.e., ones that require desensitisation) can be
avoided by instead subtracting from the weight of a cycle.

For improving equal access in expectation:
11. prioritise highly sensitised recipients (PL, ES, UK)

12. prioritise blood-type-O recipients, for which the donor pool is the smallest
(PL)

13. prioritise recipients according to (low) matching probability [see e.g. Keizer
et al. 2005)] (BE, NL, PL, PT, ES, SE)

14. prioritise recipients based on waiting time (in KEP / on dialysis) (ES, UK /
NL, BE, PT, ES)

15. prioritise identical blood-group transplants (BE, NL, PT, ES)

16. prioritise pairs with type-AB donors (ES)
Logistical considerations: Besides prioritising shorter cycles and chains, the

following objectives can be explained by logistical reasons:
17. prioritise recipient-donor pairs from the same region (ES)

18. prioritise solutions that involve more transplant centres (NL)
Fairness:

19. minimising age differences between donor and donor of the matched recipient
(NL, PL, PT, UK)
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Constraints

The list of potential constraints are as follows (see Figure 2).

To maximise the expected number of transplants performed, or for
logistics reasons:

20. upper bound on the length of cycles (PL, PT, SE, ES, UK)

21. upper bound on the length of chains (NL, UK)

Upper bounds on the lengths of cycles are implemented by not creating vari-
ables for cycles that are too long. Upper bounds on chains can be implemented in
a similar manner.

Fairness considerations:

22. providing strictly better donors for compatible pairs (CZ, NL, ES, SE, UK)

23. providing strictly better donors for half-compatible pairs (CZ, SE)

24. bound the donor-donor or donor-patient age differences (PL, PT, UK)

25. end the altruistic chain in the region where the donor registered (IT, NL, ES)

The above restrictions can be implemented by not considering cycles that break
them. For instance, in the Italian system altruistic chains that would end in a
different region to the one in which the altruistic donor registered would not be
considered at all (no variable xc would be created for such a chain).

1.2.3 Solution methods

The solution methods for the models formulated for each of the European KEPs
are grouped and synthesised below.

• Edmonds’ algorithm. It is well known that the version in which the max-
imum cycle length is bounded by two, i.e., only pairwise exchanges are al-
lowed, reduces to finding a maximum (weight) matching in an undirected
graph. This problem is solvable in polynomial time, e.g. through Edmonds’
algorithm. The Scandinavian KEP relies on the application of Edmonds’ al-
gorithm, even though their model is complicated by the introduction of half-
compatibility [3]. The UK KEP uses Edmonds’ algorithm as the first step of
its optimisation, to maximise the number of pairwise exchanges within the
selected exchange.
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• Graph heuristics. When allowing cycles (and chains) of bounded lengths
greater than two, the resulting optimisation problems are known to be NP-
hard [1]. The Spanish KEP employs a polynomial-time, yet heuristic solution
method that searches for cycles of length two and three. The heuristic makes
use of Edmonds’ algorithm. For further details we refer to [8].

• Exact methods using the arc formulation. The Polish KEP uses the
arc based integer programming formulation in the case that enumeration of
all cycles results in too many cycles. The proposed approach for the arc
formulation IP with cycle length constraint is as follows. The cycle length
constraint is relaxed and the remaining IP is solved using standard software.
If the solution satisfies the cycle length constraint it is optimal and is re-
ported. Otherwise, constraints are added to eliminate the cycles included in
the solution that are too long from the solution space, and the resulting IP is
again solved using standard techniques. This process repeats until a feasible
solution is obtained. Moreover, it is executed hierarchically to first obtain a
maximum cardinality solution, and subsequently optimise a weighted objec-
tive function. The subsequent optimisation incorporates as a constraint that
the matching found is of the previously determined maximum cardinality.

• Exact methods using the cycle formulation. The Portuguese KEP
uses exact methods to solve the cycle-based integer programming formula-
tion. The Polish KEP does likewise if the number of cycles is not too large.
This is done hierarchically to first obtain a maximum cardinality solution,
and subsequently optimise a weighted objective function. The UK KEP uses
multiple hierarchical levels that are optimised sequentially. The first level
is optimised using Edmonds’ algorithm, while later levels use the cycle for-
mulation to potentially select different exchanges that still contain the same
number of pairwise exchanges as computed by Edmonds’ algorithm. An im-
portant part of using the cycle formulation is generating all cycles within a
graph. This can be done using e.g., Johnson’s algorithm.

• Enumerative methods. The Dutch and Czech KEPs in principle enu-
merate all solutions. To reduce the search space, the Czech KEP firstly
determines all strongly connected components of the compatibility graph (in
polynomial time) and subsequently enumerates per component. Both KEPs
subsequently present a sorted list of solutions. From this list, the computer
program of the Dutch KEP only shows one optimal solution. The proposed
exchanges in this solutions are tested and in the case of a positive crossmatch
a new (next-best) solution is sought (and tested).
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1.3 Conclusion and future work

This Chapter described the modelling and optimisation aspects of European KEPs.
In this final section we synthesise our findings, and we explain their relevance with
respect to practical applications and the future research of the ENCKEP COST
Action.

This handbook is based on the individual country descriptions provided by the
European colleagues involved in the establishment and coordination of national
KEPs, as provided from Chapter 2 onwards.

The KEPs are complex, dynamic mechanisms that are important components of
the general health care systems for patients with renal disease. The variation among
these healthcare systems, e.g., regarding effectiveness of the deceased donation pro-
grammes and the advanced usage of desensitisation as alternative treatment, sub-
sequently translates into variations among KEP designs and their objectives. The
size of the country and the KEP pools, and the number of HLA-labs involved in
cross match testing also affect the KEP designs. Finally, KEP designs importantly
depend on legal frameworks and regulation, e.g., regarding the admission and inte-
gration of altruistic donation. Therefore, we may conclude that KEPs are designed
to fit their contexts and assessed within their contexts. A practice that matches
well in one context, may be inappropriate in another, and vice versa.

1.3.1 Optimisation criteria and solution techniques

The core of the KEPs are the regular match runs in which the exchange cycles
and chains are selected. We identified and synthesised in this document the set of
constraints and optimisation criteria used in eight European programmes, and the
reasons behind.

A key aim of the KEPs is to facilitate as many transplants as possible. Therefore
the primary goal of the optimisation is to find solutions of maximum size. Yet,
because of the risk of cancellations, e.g., due to positive crossmatches identified in
the laboratory tests, the actual goal is rather to maximise the expected number of
transplants conducted. This can be achieved by short cycles, as cycles involving
fewer pairs run less cancellation risk. Hence, many programmes put upper bounds
on the cycle length (in many countries this limit is 3), or by prioritising the shorter
cycles in the solution. The usage of a single HLA-lab can decrease cancellation
risks by having a unified testing procedure and also through the ability to conduct
a quick re-optimisation in case of cancellation due to a positive crossmatch. So
countries with a central HLA-lab (e.g., The Netherlands) may allow longer cycles
in the solutions and they do not put the minimisation of the cycle lengths at the top
of their hierarchical optimisation priorities. Larger countries with multiple HLA-
labs can mitigate the failure risks by selecting solutions with back-up options, e.g.,
three-cycles with embedded two-cycles (UK and Spain).
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Maximising the number of transplants can also be considered in a longer time-
frame. For instance, prioritising blood-type identical transplants or using O donors
for O patients only can help to avoid the accumulation of blood-type-O patients.
Similarly, by prioritising highly sensitised patients we can avoid the accumulation of
these patients in the pool. Both of these objectives can also increase the transplant
chances of hard-to-match patients, thus improving the equity of treatment of the
patients. For the same reason, some KEPs prioritise patients with long waiting
times.

To improve the quality of the transplants the HLA-matching between the matched
donors and patients is maximised and their age-differences are minimised, since
these are the two main factors that influence the expected graft survival times.
Furthermore, if ABO-incompatible transplantation is possible within the KEP after
the desensitisation of the patients, then the minimisation of the number desensiti-
sations improves quality and reduces costs.

Selecting shorter cycles is not only preferred to reduce cancellation risk, but
also for logistical convenience. However, as we have seen in the Dutch KEP, it
is sometimes preferable to involve multiple hospitals for reasons of capacity and
anonymity.

When altruistic chains are allowed, they can be optimally selected in the match
runs together with the exchange cycles. The main advantage of chains over cycles
is that the simultaneity of the transplants can be relaxed and thus chains can be
longer than cycles. It is even possible that the last donor in the altruistic chain
is kept as a bridge donor for the subsequent matching run and thus the chain can
be never ending in theory. If the chain is completed by the last donor donating to
the deceased pool then the recipient may be restricted to be from the same centre
where the altruistic donor registered.

The inclusion of compatible pairs may be beneficial to these pairs themselves, as
well as to the other pairs participating in the KEP. To encourage their participation,
and for ethical reasons, KEPs then often include constraints to ensure quality of
matching for recipients from such pairs. This is for example the case in the UK,
where compatible pairs (as well as other pairs) may set quality criteria on the
potential donors they would accept in an exchange.

Besides enlisting the main optimisation criteria and the reasons for these choices,
we also described the solution techniques used in the European KEPs. Among
these techniques integer programming seem to be the most robust option, already
in use in the UK, Portugal and Poland. In this chapter we provided at least one
IP formulation for each of the objective criteria identified in order to demonstrate
potential implementation of different policies with this robust approach. Other
countries make use of enumerative solution methods, or use heuristic approaches.
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1.3.2 Future research

Regarding the relevance of our results and future work, we first point out that these
results can guide the design and redesign of national KEPs in Europe. For example,
in the proposed KEP of Hungary the optimisation criteria have been selected by
experts based on the European practices [7].

The second Working Group (WG2) of the ENCKEP COST Action is working
on providing a standard framework for national KEPs, that will be described in a
subsequent handbook. Furthermore, the second handbook of WG2 will propose a
simulation environment that can be used to test the effectiveness of national KEPs.

The core of the matching policies are the constraints and optimisation criteria,
but it is important to test the performances of these complex, dynamic systems
with respect to different national frameworks. The simulations should measure
the long-term benefits generated by the KEPs: besides the number of additional
transplants facilitated, the quality gains should also be measured. Finally, it is also
important to understand and consider the decisions made by the actors involved,
such as the donors and recipients, transplant centres and the coordinating agency.
The choices between the different pathways for the patients are advised by doc-
tors, who may follow central policies, but ultimately the option chosen should be
the best alternative for the patient. Note that an advanced KEP with exchange
donors provided quickly for the majority of the patients will attract more registra-
tions, so fewer ABO-incompatible pairs would choose direct transplantation after
desensitisation or to wait much longer for a deceased organ.

The third Working Group (WG3) of the ENCKEP COST Action is devoted
to transnational kidney exchanges. We also identify in this handbook the current
European practices, where three major cooperations have already started between
Austria and the Czech Republic, between Italy, Portugal and Spain, and between
Sweden, Norway and Denmark. These cooperations are based on extending existing
national KEPs in each group of countries, and initially only patients who could not
be allocated nationally were considered for a transnational exchange. However,
the greatest overall benefit will be achieved when the KEPs are fully merged and
the national cycles and chains are not prioritised. However, in that case, it may be
necessary to ensure that the regulations and priorities of each participating country
are respected and that collaboration gains are distributed balanced and fair.

The fairness of the solution at country level or at individual level is an important
issue that can be considered from an ethical and legal point of view as well. The
novel proposal for Global Kidney Exchange [36], where a pair of a low-income
country is invited to participate in an exchange with hard-to-match pairs in a
high-income country for free of charge, has triggered a lot of discussions among
researchers [15, 40, 35, 10] and policymakers [21]. The ENCKEP COST Action
has decided to devote the renewed first Working Group (WG1) to study of ethical
and legal questions relating to national and transnational KEPs from a European
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perspective.
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max size of solution 1 1 1 1 1 1 1 2
min lengths of the cycles - - 4 - - - - -
max # cycles selected - 2 - - - 2 - 3
max # back-arcs - - - - - 3 - 4
max # 2-cycles and 3-cycles with embedded 2-cycles - - - - - - - 1
min# desensitisations - w - - - - 3 -
max HLA-matching - w - w - - - w
max DR-antigen matching in particular - w - - - - - -
min age-differences between the donors and patients 5 - - w - w - -
priority for paediatric patient - - - - - w - -
priority for patients not yet on dialysis - - - w - - - -
priority for highly sensitive patients - - - w - 4 - w
priority for O patients - - - w - - - -
priority for hard-to-match patients 3 - 3 w w w 2 -
priority for waiting time in KEP - - - - - w - w
priority for time on dialysis 4 - 6 - w w - -
priority for same blood-group transplants 2 - 2 - w w - -
priority for pairs with AB-donors - - - - - w - -
max # of transplant centres in (long) cycles - - 5 - - - - -
priority for donor-patients in the same region - - - - - w - -
min the donor-donor age differences - - - w w - - w
Constraints on length of exchanges no no 4 3 no 3 2 3
(Longest exchange already conducted) 3 7 4 3 3 3 n.a. 3
Constraints on length of chains n.a. no 4 n.a. n.a. no n.a. 3
(Longest chain already conducted) n.a. 6 4 n.a n.a. 6 n.a. 3
providing strictly better donors for compatible pairs n.a. yes yes n.a. n.a. yes yes yes
providing strictly better donors for half-compatible pairs n.a. yes n.a. n.a. n.a. n.a. yes n.a.
altruistic chain ends in the same region where started - - yes - - yes - -

Figure 1.1: Summary of the objectives and constraints in European KEPs. The
numbers are denoting hierarchic priorities, and w denotes the criteria is weighted
against other criteria and occurs at the lowest level of the hierarchy.
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Czech Republic (and Austria)

Written by Pavel Chromy

Since 2016 a joint KPD programme of IKEM and AKH in Vienna is be-
ing run. The data from both pools are reviewed in IKEM and submitted
for calculation as a single batch on regular basis, however within country ex-
changes are conducted in both Austria and Czech Republic before conducting
the matching for the joint pool.

2.1 Processing of laboratory results

The HLA typing is routinely done at low resolution, however, for the kidney-
paired donation programme some laboratories (Vienna, AKH), perform high-
resolution typing.

Luminex in principle defines the antibody-specificity at the level of HLA
alleles (high resolution data), however for practical reasons serological speci-
ficities are deduced from these results, downgrading the data to low resolution
so that these match the low-resolution typing. Nomenclature based on sero-
logical specificities is used.

Laboratories of other clinics (like indicated above) may deliver results in
high-resolution level so that it is not possible to directly match individuals
from different pools. Straightforward solution used so far is to downgrade all
records to the same (low resolution) level, which might rarely result in falsely
reporting incompatibility between donor and recipient.

Apparently such solution is not ideal as it does not make advantage of
the more accurate high-resolution typing. An algorithm for direct high-low
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resolution matching is being considered which would also allow to enter mixed
high-low resolution data (high resolution typing only for particular gene).

2.2 Matching and score calculation

Virtual cross-match is evaluated for each donor and each recipient in the pool.
If the virtual cross-match is negative (i.e. transplantation is feasible) the score
of the match is calculated as sum of the following:

• 20 points for an ABO compatible match

• 1 point for an ABO incompatible match (according to recipient’s accept-
able blood types)

• 1 point for each HLA-A or HLA-B antigen the donor and the recipient
have in common

• 10 points for each HLA-DR antigen the donor and the recipient have in
common

The score values are stored in a matrix (where value of zero indicates ’no
match’). If there is an ABOi match between a recipient and his related donor
the number of HLA antigens the pair has in common (rather than the score)
is the criterion for considering whether another match is any better for the
recipient in question. All other ABOi matches having less or equal number
of common HLA antigens are removed from the matrix. This way only the
matches from which the recipient would gain benefit (either ABO compatible
match or more antigens in common) are considered during the cycle search.

2.3 Cycle search

The weighted directed graph G = (V,E) represented by the adjacency matrix
obtained by matching is typically quite sparse. Because of that adjacency list
to speed up the further processing is built. The graph is split into strongly
connected components using Tarjan’s algorithm running in O(|V |+ |E|) time.
Obviously no cycle could span across multiple strongly connected components
hence further calculation is split into independent smaller sub-tasks according
to the strongly connected components identified.

Each sub-graph of G defined by a strongly connected component is then
searched for cycles using simple depth-first search, which is probably the
main limitation in terms of scalability. It is possible to place limit on the
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cycle length to speed up the calculation, however this is normally not needed.
Moreover the approach of unlimited cycle length proved to be useful in praxis
– the largest cyclic chain of transplantations successfully carried out so far is
7 (performed in 2014). Because of small size of the pool no performance issues
were encounter so far, despite the high time complexity of the algorithm.

The output of the calculation is a list of alternate (mutually exclusive)
solutions, each being a set of non-overlapping cycles. The list is sorted lexi-
cographically according to:

1. Coverage - number of recipients served

2. Number of cycles in the solution (to prefer shorter average cycle length)

3. Total score of the solution (sum of scores of all transplantations sug-
gested by the solution)

The selection of particular solution from the list(s) is a medical decision
and may also depend on further examination of donors and recipients involved
in the suggested solution.
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Netherlands (algorithm used
also in Belgium)

Written by Bernadette Haase-Kromwijk and Aline Hemke1

3.1 Background

In the Netherlands, the so-called “cross-over kidney transplantation” (further
referred to as Kidney Exchange Program, as this is the term most often used
internationally), has been introduced in 2004 as an extra option in the living
kidney exchange program in order to help more patients with a living donor
kidney transplantation. As the national law permits living kidney donation
to a specific person in the absence of a genetic relationship or a long lasting
social commitment with the recipient, kidney exchanges between couples were
a feasible option to optimise transplantation chances. Medically there are no
reasons to object to these indirect donations. Compared to direct donations
in the regular Living donation (LD) program, there are no differences in med-
ical indications and contra-indications, nor in ethical obstacles, since the net
gain for the two couples is no different from direct living kidney donation.
A pilot KEP performed in Rotterdam to study acceptability and feasibil-
ity showed that couples that were medically approved, but immunologically
incompatible, were very motivated to participate in a KEP.

Alternatively incompatible couples can be helped with either an ABO in-
compatible transplant or an HLA incompatible transplant. In order to do

1This description is a combination of previous descriptions, such that the thesis of Marry de
Klerk and Kristiaan Glorie.
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this a number of desensitisation protocols were developed to make direct
living donor transplantations possible in case of ABO or HLA incompatibil-
ity, but logistic solutions (KEPs) are given preference over these alternative
programmes. Especially in case of HLAi transplants, these are medically de-
manding programmes (disadvantages: demanding technique so a specialised
program is recommended, high rate of rejection and graft loss, and high fi-
nancial costs). Also for ABOi couples KEPs are preferred as these are easier
to perform; furthermore the total Dutch patient pool can profit from KEP-
pools that are sufficiently large and that consist of both HLA incompatible
as well as ABO incompatible couples. Even though these large pools make
transplantation possible for many patients we see that the highly sensitised
patients are accumulating in the pool. Therefore it is good to mention an-
other alternative strategy for highly sensitised patients (PRA>85%) used in
the Netherlands; this is the AM deceased donor program. For this program
it is important to define those HLA antigens against which the patient has
never formed antibodies, which are considered to be acceptable mismatches,
and when a deceased donor kidney with these antigens is found, it will be
allocated to that patient with high priority (Acceptable Mismatch program).
Recently, also especially with the aim to improve transplant possibilities for
the highly sensitised patients, the integration of the different alternative liv-
ing donor programmes in one combined algorithm, with prioritisation for the
highly sensitised patients, and with the possibility to perform incompatible
transplants, is being considered. Rotterdam started in 2017 a pilot for this
at their centre.

As mentioned earlier, a successful KEP requires a large pool of donors and
recipients with both blood type incompatible pairs and cross-match incom-
patible pairs. As blood type incompatibility usually occurs between recipients
with blood type 0 and donors with blood type A, these patients can only pos-
sibly be helped with an 0-donor that has a positive crossmatch with his/her
own recipient. Sufficient participation is only possible when the program is
organised on a national scale instead of being limited to individual transplant
centres. Therefore, since 2004, the KEP has been organised in a national pro-
gram. The eight Dutch kidney transplant centres have developed a protocol
for the national KEP during several consensus meetings. The protocol de-
scribes the acceptance criteria for donors and recipients, the transplantation
work-up, as well as registration, matching and allocation procedures. Ac-
cording to this protocol, in the Netherlands the donors travel to the recipient
centre in order to keep the ischemia time as low as possible, and surgical
procedures are performed simultaneously. Also by protocol strict anonymity
between the KEP pairs is kept. The success of the Dutch KEP is depending
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on trust between all KEP parties, strict adherence to the protocol, supervision
by an independent allocation organisation and a central laboratory respon-
sible for the cross-matches. Further attention is being paid to ethical and
psychological aspects like the loss of medical excuses for donors, the potential
slippery slope to organ trade, the issue of anonymity between donor-recipient
pairs, and especially the acceptability of KEP by patients and donors.

The Dutch Transplant Foundation (DTF) is the independent allocation
organisation that is responsible for the allocation of cross-over kidneys in
order to prevent the possibility of organ trade. The DTF was founded in
1997 and is by law responsible for the allocation or deceased donor organs
and tissues. This deceased donor allocation should be fair and only based
on medical criteria. As in living donor kidney allocation, likewise, fair allo-
cation is of main importance too, the DTF has been given the responsibility
to supervise, allocate and coordinate the KEP. This coordination includes in-
forming the centres about the date of the match procedure, (supervising ) the
registration of the participating pairs, performing the actual KEP matches,
and informing the centres of the match outcomes and the results of the cross-
matches. Other responsibilities are managing the KEP database and appli-
cation, contributing to the development of protocols and patient information
brochures, acting as a central point for information, analyzing the results of
the match procedures and organising national meetings with nephrologists,
surgeons, HLA laboratory employees and transplant coordinators twice a year
to evaluate the program. The DTF carries out the matching according to the
allocation criteria that have been agreed upon and which are described in the
next section.

In the Dutch KEP, the national HLA reference laboratory is designated
to carry out the cross-matches for the new KEP-couples that are suggested
based on the acceptable and unacceptable mismatches. The advantage of this
is that blood samples don’t have to be sent to all participating centres, but
to the national reference laboratory only, and that all crossmatches will be
performed with the same tests and techniques. In the study design leading
to the KEP the reference lab used both CDC and FACS-tests and current
as well as historic sera. According to the current Dutch KEP protocol all
patients and donors are molecularly typed for HLA-A, -B, -C, -DR and –DQ
(no DP) on a medium resolution level. Sera of the patients are screened for
HLA allo antibodies using standard complement dependent lymphocytotoxi-
city and ELISA. HLA antigens toward which the patients had formed specific
allo antibodies are considered unacceptable mismatches. As a result of this,
donors with these antigens will not be selected for these patients in the KEP
algorithm. The national reference laboratory verifies whether the potential
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new combination between donor and recipient is compatible before starting
the actual crossmatch procedure. The techniques used for crossmatch testing
are standard CDC complement dependent lymphocytotoxicity in combination
with an ELISA screening. In case of a positive cross mach, the next feasible
combination based on the KEP optimisation algorithm is chosen.

3.2 Description of the Dutch KEP

The Dutch kidney exchange algorithm aims to maximise the number of trans-
plants. However, in practice, maximising the (weighted) sum of transplants
is not the only relevant objective criterion [12]. Instead of a single weighted
objective criterion, the Dutch national kidney exchange program uses a hier-
archically ordered set of criteria [14]:

Hierarchical criteria used in the Dutch kidney exchange program:

(i) Maximise the number of transplants;

(ii) Maximise the number of blood type identical transplants;

(iii) Match the patients in priority order based on ‘match probability’ (see
Keizer et al. 2005);

(iv) Minimise the length of the longest cycle or chain;

(v) Maximise the spread over transplant centres per cycle and chain;

(vi) Match the patient with the longest waiting time.

The Dutch criteria are based on European agreements governed in the con-
vention on human rights and biomedicine Council of Europe (2002), which
determines that the allocation of organs should be both ‘optimal’ and ‘fair’.
For this reason the criteria include factors related to the probability of obtain-
ing a transplant (criteria (ii) and (iii)) and waiting time (criterion (vi)). The
exact aim of criterion (ii) is to help establish a fair allocation across patient
blood types by ensuring that patients of disadvantaged blood types, such as
blood type O, receive as many transplants as possible (donors of the same
blood type will be reserved for them whenever this is feasible). Criterion
(iii) establishes such fairness in a broader sense by taking into account the
total match probability, as defined in [13]. The priority order within criteria
(iii) and (vi) is based on the traditional priority mechanisms for allocating
deceased donor kidneys. Criteria (iv) and (v) are of a logistical nature. The
hierarchy among the criteria implies that every criterion should be optimised
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subject to the best possible score on previous criteria. For example, the num-
ber of blood type identical transplants (criterion (ii)) should be maximised
under the condition that the total number of transplants is maximum (crite-
rion (i)).

Criteria like CMV serology, donor or recipient age, gender, pre-emptive
transplant possibility or PRA are not included in the Dutch KEP algorithm.
The match report is communicated to the centres; patients for whom no
solution are found are put back on a transplantable code on the deceased
donor transplant waiting list, if desired.

3.3 Registration and matching procedure

Medically suitable donor–recipient pairs are being registered four times a year
in January, April, July and October. At registration name, date of birth, ABO
blood type, gender and HLA typing of donor and recipient, the percentage
panel reactivity antibody (PRA) and specificity of allo antibodies determined
by standard complement dependent lymphocytotoxicity (CDC) are collected.
Although in the beginning only smaller cycles were accepted (first only dou-
blets, later doublets and triplets), since October 2007, longer cycles are being
made possible in the matching algorithm. The program allows unlimited
chain and cycle sizes, although for practical reasons the maximum is limited
to four (quartets). With the possibility to create larger cycles and chains, the
number of combinations made it impossible to manually select the exchanges
to proceed with. Therefore, the Dutch matching algorithm selects the optimal
combination of cycles and chains in 3 steps. In the first step, the algorithm
checks for each donor in that particular match run to which recipients he/she
can donate (Figure 3.1). In the second step possible cycles and chains with
different sizes are made, based on the possible combinations (donor with new
recipient) from step 1 (Figure 3.2). Then the algorithm filters possible groups
of cycles and chain combinations without a couple appearing in more than
one cycles and chain combination. As the algorithm finds all possible cycles
and chain combinations, the number of results might accumulate to a million
different possibilities when 50 couples are enrolled. This is why the algorithm
ranks all these possible groups according to the six conditions (Figure 3.3).
First the maximum number of matched pairs. Within the various groups with
maximum number of pairs, the group with the highest number of blood type
identical exchange pairs is selected. Thus, blood type O donors will prefer-
entially donate to blood type O recipients, (iii) the next ranking criterion is
the match probability (MP). The MP takes into account the prevalence of
donors with compatible ABO blood types and acceptable HLA antigens for
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the recipient within each actual match procedure. MP is calculated by divid-
ing the number of HLA and ABO compatible donors by the number of blood
type compatible donors. The potential recipient with the lowest MP, which is
the recipient with the smallest chance of finding a compatible donor in that
match run, is ranked first. Thus, preferences is given to difficult-to-match
highly sensitised patients, (iv) short cycles are preferred above longer cycles,
for example rather two doublets than one quartet, to minimise the number
of discontinuations resulting from one single positive cross-match in a long
chain, (v) recipients are preferably spread over multiple centres instead of
performing all surgical procedures in one centre, and (vi) patients with the
longest wait time on the deceased donor kidney waiting list, calculated from
the first day of dialysis, get priority. There is no further prioritisation by the
algorithm according to HLA-mismatches, serology of cytomegalovirus (CMV)
or donor–recipient age differences. However, the accepting centres might take
these in account for the final decision on donor acceptance for their recipient.

In case there are impossibilities to continue with the selected group of
exchange combinations, e.g. because of a positive cross-match or because of
clinical contra indications, the next highest ranking group with the maximum
number of participants is selected. This is shown in Figure 3. When a positive
cross-match is found between pair 1 and pair 2, solutions 1, 2, and 3 will not be
possible and the highest ranking solution is number 4. Note: in the new KEP-
application that the DTF has implemented in 2017 only the best combination
is shown instead of all possible combinations, but the rules for selecting the
best combination is as described above and illustrated in the following three
figures.



3.3. REGISTRATION AND MATCHING PROCEDURE 37

Figure 3.1: Example of seven pairs in a match run: all donor–recipient combinations
are analyzed resulting in possible new combinations based on blood type ABO
compatibility and avoidance of unacceptable HLA antigens.

Figure 3.2: All possible cycles with different sizes are constructed.
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Figure 3.3: (a) Groups of possible cycle combinations are ranked according to preset
conditions including average MP. A pair can participate only once in each group.
(b) Groups of possible cycle combinations are ranked according to preset conditions
including average MP. A pair can participate only once in each group.
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Belgium

Written by Dirk Kuypers, Bart Smeulders, and Frits Spieksma

The Belgian KEP uses the Dutch software for finding matchings, so only
the additional information is summarised below.

4.1 Background

Due to concerns about increasing waiting times for patients, a first national
workshop concerning kidney exchange was organised in 2006. At this work-
shop, the Dutch kidney exchange program (KEP) was presented in detail, as
an example for a possible Belgian KEP. In 2008, all seven Belgian transplant
centres accepted the Living Donor Exchange Protocol, which is the basis for
the Belgian KEP. The first matching runs of the program occurred in 2013.

4.2 Organisation

The kidney-pancreas committee of the Belgian transplantation society, which
represents the Belgian transplant centres, manages the Belgian KEP. Euro-
transplant plays a major role in supporting the Belgian KEP. Specifically, Eu-
rotransplant host the database containing all relevant information on patient-
donor pairs involved in the KEP and maintains the software (developed by
the Dutch Transplant Foundation) used in the matching procedure.

In the Belgian KEP, a participating transplant centre can initiate matching
runs. When a new run is planned, the transplant centres send information on
patient-donor pairs that are eligible and willing to participate in an exchange
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to Eurotransplant. Next, Eurotransplant runs the matching software, provid-
ing a ranked list of potential combinations of transplants1. These lists are sent
to the participating transplant centres and to the kidney-pancreas committee.
A single central laboratory performs cross-match tests on the identified poten-
tial transplants and sends the results back to the kidney-pancreas committee
and the transplant centres. The highest ranked combination of transplants
for which all cross-match tests are negative for all included transplants, is
then performed. Patients and their donors remain in the transplant centre
where they are treated, and organs are transported.

4.3 Matching criteria

The Belgian KEP only contains patient-donor pairs that are either ABO
or HLA incompatible. Altruistic donors are also not included. Transplants
identified through the KEP must be both ABO and HLA compatible. There
is no maximum cycle length imposed a priori, but the transplant centres can
reject solutions containing long cycles if these are logistically infeasible.

The matching software used by the Belgian KEP was developed by the
Dutch Transplant Foundation. For a detailed description of the matching
algorithm, we refer to the description of the Dutch KEP. The Belgian KEP
uses slightly different ranking criteria for solutions compared to the Dutch
KEP. Specifically, solutions are ranked based on the following hierarchical
objectives. If two combinations of transplants are identical in regards to the
first objective, the second is used as a tiebreaker, and so on.

1. Maximisation of the number of transplants.

2. Maximisation of the number of identical blood type transplants.

3. Minimisation of the lowest matching probability among patients.2

4. Maximisation of the dialysis time of patients.

5. Minimisation of transplants with ≥ 20 years age difference.

1The description of the Dutch Kidney Exchange Program contains a detailed description of the
algorithm that determines this ranked list of possible combination of transplants.

2We refer to the description of the Dutch KEP for a definition of the matching probability of
a patient.
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Poland

Written by Piotr Dworczak

5.1 Background

The first paired kidney donation in Poland took place on February 10, 2015,
in the Child Jesus Clinical Hospital in Warsaw. The surgical team, with the
support of other specialists, has since then been developing a pilot Polish
kidney exchange program. An important aspect of running such a program is
the ability to efficiently match incompatible patient-donor pairs to maximise
the number and the quality of transplants. Prior to the first paired donation,
compatible matchings were being found manually. Subsequently, a computer
algorithm and software were developed by the author to facilitate that process.

The core of the algorithm, based on an integer programming formulation
of the optimal matching problem, is similar to analogous algorithms used in
other countries. However, several features of the algorithm reflect the special
circumstances and needs faced by Poland with respect to kidney exchange.
For example, altruistic donation, and hence the use of NDD chains, is cur-
rently not allowed by the Polish law. On the other hand, at least at the
time of implementing the algorithm, long (potentially non-simultaneous) cy-
cles were considered a real possibility. Thus, the algorithm is fine-tuned to
perform well when long cycles are allowed but non-directed chains are not.

The algorithm is based primarily on methods proposed by [2], and imple-
mented in the MATLAB/Octave programming language. The software is also
compatible with the CPLEX Optimiser developed by IBM.
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5.2 Model

Formally, the problem to solve is as follows. We are given a directed graph
G = (P, E) with a finite set of vertices P with each vertex (node) p ∈ P
representing an incompatible patient-donor pair. An edge e ∈ E between
two vertices p and p′ indicates that the donor from pair p can potentially
donate to the patient from pair p′. With each edge e ∈ E we associate a
value ve which represents the evaluation of the benefits of performing the
corresponding transplant. The goal, broadly speaking, is to find a subgraph
of G such that all transplants can be performed and the total value of used
vertices is maximised.

We comment on how G and v are computed in practice. Because of the
early stage of development of kidney exchange in Poland, the software is
developed to give maximum flexibility to the user. The basic compatibility
graph is first calculated by taking into account the blood types, the patients’
anti-HLA, and the donors’ HLA. Next, the user has the option to determine
the maximal age difference between the donor and the patient, as well as
the maximal age difference between the donors from respective pairs (this is
driven by both medical and ethical considerations). The user can also decide
whether antibodies acquired by patients from prior transplantations (if there
were any) should be considered. The base value ve for a feasible transplant
is 1. However, the value is adjusted for several criteria that measure the
“quality" of the corresponding transplant. The user can choose (from a fairly
fine grid) the importance of various criteria. In practice, these additional
“premiums" or “punishments" are small relative to the base value of 1, so
that maximising the number of transplants is hierarchically more important
than quality. The additional criteria include:

1. The age difference between the donor and the patient, as well as the age
difference between the respective donors;

2. Whether the receiving patient has been on dialysis before;

3. The degree of similarity in HLA patterns between the donor and the
patient;

4. Whether included pairs will be difficult to match in the future based on
the blood types and sensitisation.

The last criterion attempts to improve the dynamic performance of the match-
ing program. Everything else being equal, highest priority is given to AB-
donor-O-patient pairs which are very hard to match. A smaller premium is
given to AB-donor and O-patient pairs.
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The final matching has to satisfy all compatibility constraints and must
have the feature that if pair p donates a kidney, then it also receives one. This
means that (in the absence of NDD chains) the solution will consist of a set of
simple cycles in the graph. Additionally, the user specifies a constraint K on
the length of allowed cycles. Let C be the set of all simple directed cycles in
G, and let CK be a subset of all cycles of length at most K. For each p ∈ P ,
we denote by δ−(p) the edges pointing to p and by δ+(p) the edges outgoing
from p. Formally, we have the following problem

max
∑
e∈E

vexe (5.1)

subject to ∑
e∈δ−(p)

xe =
∑

e∈δ+(p)
xe ≤ 1, ∀p ∈ P, (5.2)

∑
e∈C

xe < |C|, ∀C ∈ C \ CK , (5.3)

xe ∈ {0, 1}. (5.4)

In the above formulation, xe is a binary choice variable that indicates whether
edge e is used or not. Condition (5.2) captures the constraint that if a pair
is used, it must both donate and receive a kidney. Condition (5.3) rules out
cycles of length more than K by saying that for any such cycle C ∈ C \ CK ,
the number of edges with xe = 1 in the cycle must be strictly less than the
cycle length. It is well-known that the above integer programming problem
is NP-hard except for special cases (for example, K = 2). Moreover, for
practical purposes, the number of constraints in (5.3) can be huge.

5.3 Algorithm

The algorithm consists of two sub-algorithms and a pre-solver that determines
which one to use. The pre-solver, which runs for some specified time T , enu-
merates all simple cycles of length K or less in the graph G using a standard
DFS algorithm.

1. If K > 2, the specified time T was exceeded, or the number of found
cycles is larger then some threshold value L, then the following iterative
algorithm is used. Constraint (5.3) is dropped, and the relaxed problem
is solved using an IP solver. If no cycles of length above K were used,
then a solution is feasible and hence optimal for the original problem. If
there are cycles of length above K, then constraint (5.3) is imposed for
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these specific cycles, and the problem is re-solved. This procedure con-
tinues until a solution is found that is feasible for the original problem.
While this heuristic algorithm is (obviously) not guaranteed to converge
in polynomial time, given the current size of the database, it converges
quite quickly in practice.

2. In all other cases, the algorithm uses directly the list of all cycles of
length at most K. The problem is reformulated as an integer program-
ming problem over cycles rather than edges. That is, for any cycle
C ∈ CK , we define a value vC as ∑

e∈C ve. The choice variable xC ∈ {0, 1}
takes the value 1 if and only if the cycle C is chosen. If C(p) denotes all
C ∈ CK that go through the vertex p, then the only constraint is that∑
C∈C(p) xC ≤ 1 for all p ∈ P . That is, only one cycle going through any

single vertex p can be used. The problem is then fed to the IP solver.

One feature worth emphasising is that the user has the option to see the
“next-best" solution. Technically, this is done by declaring the current optimal
solution infeasible, and re-solving the problem.
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Portugal

Written by Nicolau Santos, Ana Viana, Xenia Klimentova, and Abdur Rais1

6.1 Introduction

The Portuguese Kidney Exchange Program uses, on its quarterly meetings, a
decision support system (DSS) based on Integer Programming models. The
systems not only mimics the current program national legislation, but is also
prepared for possible future extensions in the law that can allow e.g. the in-
clusion in the program of compatible pairs. In the remaining of this document
we start by introducing the criteria used by the Portuguese program for pair
selection. We then describe the DSS developed by the project team under
project KEP – New models for enhancing the kidney transplantation process
(PTDC/EGE-GES/110940/2009) and finalise with some concluding remarks.

6.2 Legal framework

The legal framework required to allow the transplantation of organs between
donors and recipients with no genetic or emotional connection was established
in Portugal in 2010. Under that framework, it was established that there
would be quarterly meetings with a panel of experts where patients waiting
for transplantation would be selected based on the criteria described below:

1Joint work with Filipe Alvelos, João Pedro Pedroso, Margarida Carvalho and Miguel Con-
stantino.
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1. The pairs selected are such that maximum number of patients is trans-
planted.

2. If application of criterion 1. leads to more that one solution, the solution
to implement (among the ones obtained by 1.) is the one that maximises
the sum of following score points, associated to blood compatibility,
compatibility probability, difference of age between donors and time of
dialysis of patient:

(a) Blood compatibility – if the patient and the donor with which he/she
will be transplanted are from the same isogroup, the transplant gets
an extra score of 30 points; 0 otherwise.

(b) Compatibility probability (CP) – CP is calculated as proposed in [27].
According to the CP value obtained, the following points are as-
signed to a patient:

interval Points
0 < CP 6 25% 30 points

25 < CP 6 50% 20 points
50 < CP 6 75% 10 points

CP > 75% 0 points
(c) Difference of age between donors – if the difference in age between

donors in two pairs is less than 20 years, the associated transplant
(i.e. the transplant involving the pairs those donors belong to) is
assigned an extra 20 points; 0 points, otherwise.

(d) Dialysis time – 0.05 points are assigned to a patient for each month
he/she was in dialysis.

The above mentioned information applies only to incompatible pairs. Al-
truistic donors, compatible donor and multiple donors are not covered by the
framework.

6.3 Decision support system

A prototype of a DSS was developed under project KEP – New models for
enhancing the kidney transplantation process to support the Portuguese KEP
on the decision process. The application has four main components – the web
app, the optimisation module, the database and the web server – and was de-
veloped in OS Linux with Debian Stable and deployed in a server with Debian
testing. The web app was developed with the Tornado web framework, a non-
blocking system that follows the traditional Model View Controller (MVC)
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architecture; the web pages were styled with Kube CSS framework; the opti-
misation module was developed in C++ and invokes COIN-OR’s solver. The
database used is MongoDB, a NoSQL document-oriented database. All the
software used is open-source.

In the following sections we will describe the web application and optimi-
sation capabilities in more detail.

Web application

The application is available to all members of the panel of experts that can
introduce information on new pairs registering on each expert’s hospital to
join the program. That information must be provided prior to the quarterly
meetings. Thus, for the national coordinator to be capable of easily verifying
which experts have/have not updated the information, each expert has to
confirm information insertion after doing it. The system will record the day
and hour in which each expert last provided new data.

Although the Portuguese program legal framework does not cover altru-
istic donors, compatible pairs and/or multiple donors, the application is pre-
pared to include them in the database. Pairs in the database are signaled
as already transplanted, active, inactive or temporarily inactive. The later
refers to those pairs that, by some circumstance, are part of the program but
cannot be transplanted in the next matching round.

Finally, the user can define maximum cycle size, maximum chain size and
maximum number of alternative optimal solutions provided by the optimisa-
tion module, described in the next section.

Optimisation module

The optimisation module starts by creating a compatibility graph, G(V,A),
where V is the set of active pairs (graph vertices) and A the set of arcs
between compatible patient and donor in different pairs i.e. an arc from vertex
i to vertex j exists, if donor in pair i is compatible with patient in pair j.
Compatibility is obtained by comparison of blood types and HLA-A, HLA-B
and HLA-DR antigens and antibodies of patients and donors. Compatibility
verification on HLA-DQ comes as an option of the application.

Once the compatibility graph is created, the optimisation module invokes
COIN-OR to solve the cycle formulation proposed by [39] over graph G. It
first finds the maximum number of transplants that can be performed (Z∗)
at that time set, and then solves the following problem:
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Maximise
∑

c∈C(K,L)
wcscorexc (6.1)

Subject to:
∑
c:i∈c

xc ≤ 1 ∀i ∈ V (6.2)∑
c∈C(k)

wcscorexc ≥ Z∗ (6.3)

xc ∈ {0, 1} ∀c ∈ C(K,L). (6.4)

where K represents the maximum length of a cycle, L represents the max-
imum length of a chain, C(K,L) represents the set of all cycles and chains,
wcscore is the score of cycle c if the scores described in section 2 are used, and
the decision variable xc = 1 if cycle/chain c is selected for the exchange, 0
otherwise.

To the extent of knowledge of the team, the optimisation module differs
from others based on IP available in other countries, in what follows: in
case there is more than one optimal solution to problem (6.1) – (6.4) the
application provides to the decision maker alternative optimal solutions (up
to a maximum number defined by the user). That is obtained by adding
the following constraints to the formulation above, every time a new optimal
solution is found: ∑

c:x̄c=1
xc 6

∑
c∈C

x̄c − 1,∀x̄ ∈ X .

where X is the set of optimal solutions found so far (starting from X = ∅).

6.4 Final remarks

The DSS described in this document has been used by the Portuguese Au-
thority for Blood and Transplantation (IPST – Instituto Português do Sangue
e da Transplantação) since 2013. As already mentioned, although other cases
rather than incompatible pairs are not regulated by the legal framework, they
have been incorporated in the optimisation tool – the IP modelling of those
cases is out of the scope of this document, the interested reader being ad-
dressed to [11] for more details on the topic.

To the extent of knowledge of the authors no positive crossmatches have
been identified so far. The topic is not also covered by the legal framework.
Finally, the desensitisation program is run separately from the KEP.
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Spain (algorithm used also in
Italy)

Written by María O. Valentín, Marta García, Pablo Delgado, and Marcos
Calderón

7.1 Introduction

Kidney transplantation provides excellent outcomes in terms of patient’s and
graft’s survival. Therefore many countries have made efforts to increase the
number of donors [33]. The system implemented in Spain has been targeted
preferably to deceased donation. Between 1 January to 31 December 2017
3,269 patients received a kidney. From them, 10% were from living donors.
Since there were 3,942 patients remaining on the waiting list at the end of
2017, living donation appears as a transplant option with a wide room to
grow.

As it occurs in other countries with high rates in living donation, approxi-
mately one third of patients are incompatible with their willing living donors.
In this context, there are two different approaches to face incompatibility: the
use of desensitisation techniques and direct living donation or kidney paired
donation, this last offers the opportunity of exchanging the donors between
different pairs to obtain new compatible ones. Both options are allowed in
Spain and the patients and their transplant teams are the responsible for the
decision among both treatments.

The Spanish law on donation and transplantation permits living donation
to a specific person and provides that, when there is no genetic or emotional
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relationship between the donor and the recipient of a pair, anonymity must
be maintained between them. Altruistic donation is allowed in Spain.

In 2009, the Spanish National Transplant Organization (Organización Na-
cional de Trasplantes, ONT), in collaboration with an advisor committee
(formed by nephrologists, immunologists, urologists, transplant coordinators
and a legal assessor) developed the rules for the matching runs and the oper-
ating protocol for the Spanish National Kidney Exchange Program (SNKEP)
[43].

7.2 Description of the SNKEP

The SNKEP consists of a Web application that includes a data base, an
algorithm to detect compatible exchanges, an optimisation model to find the
optima set of exchanges and a secure platform to share information. The
access to the web application is restricted to the personnel from the ONT
in charge of the program and the participating centres (each centre has only
access to its own information).

The data base is fulfilled through an interface that permits the centres
recording demographic data and other relevant information, on the recipients
and their donors, to perform the matches. This interface allows specifically
the registration of altruistic donors and is also prepared to incorporate both
incompatible and compatible pairs. More than one donor can be included
per recipient, in order to increase the exchange options for that patient. The
recipients who are on dialysis can be registered both in the SNKEP and in
the deceased donor waiting list to increase their transplant chances.

When a patient or a donor is registered, the Web application generates an
id code that is used to preserve anonymity between the members of the new
pairs.The web application provides also a secure sharing and storage space so
the ONT and the centres can exchange confidential documents such as the
clinical records of the donors or their image tests (i.e. CT scan).

The matching runs are performed every 4 months, but an extra match
run is carried out in case there is an altruistic donor (altruistic donor chains
are built apart from the exchange cycles).Three weeks prior the matching, the
ONT informs the centres on the date, so they have enough time to incorporate
new pairs and to update those ones already registered.
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The optimisation model

The first step of the optimisation model is the creation of a Graph based
on Edmonds’ methodology [17] that searches all possible exchanges based on
the compatibility rules decided by the SNKEP advisor committee. These
rules include ABO compatibility and HLA compatibility (for HLA-A, HLA-
B, HLA-C, HLA-DRB1, HLA-DQB1 and HLA-DPB1, in case this last allele
has been registered). Recently the program has incorporated the option of
matching runs only based in HLA, but this rule has not been automatised
yet.

Although the graph provides exchanges with multiple recipients and donors,
only two-way and three-way cycles are selected in the optimisation model for
logistic reasons.

Once the graph is created, a weight is assigned to each cycle that arises
from the sum of the weights of each arrow of the cycle. The weight of each
arrow is obtained by the sum of the scores of the following items [43]:

• Same Blood type: 30 points if the donor and the patient of the new pair
have the same blood type; 0 otherwise

• Matching probability (MP): based on the formula that incorporates the
level of sensitisation, based on calculated Panel Reactive Antibodies
(cPRA) and the number of blood type compatible donors in the pool
(Keizer et al). High score in the formula means less chances of finding
a compatible donor in the pool:

– MP=0-25%: 30 points
– MP=26-50%: 20 points
– MP=51-75%: 10 points
– MP=76-100%: 0 points

• Donor-recipient age difference: 15 points if |age(Da) – age(Rb )| ≤ 10
years; 0 otherwise. Exception: This item scores 15 independently on the
difference of age if recipient’s PRA>50% or recipient’s blood type = 0
or incompatible donor’s blood type=AB

• Time on dialysis: 0.05 points x months on dialysis

• Waiting time in the program: 30 points if the recipient has been more
than 1 year in the program; 0 otherwise

• Geography: (0 or 5): Same region: 5 points; otherwise 0
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• Paediatric recipients: 30 extra points

The possibility of including compatible pairs has been temporarily incor-
porated to increase the pool of pairs and hence to increase the number of
possible exchanges. In order to encourage centres to register this type of
pairs, the compatible pair is selected independently of the previous score.
The advantage for the compatible pairs is, i.e. to be transplanted with a
younger donor.

The next step of the model is the selection of the optimal set of exchanges.
There are some premises the SNKEP takes into account to search the optimal
set of cycles:

• Maximisation of the number of effective exchanges:

– 2-way exchanges in front of 3-way ones if the number of possible
transplants is the same

– 3-way robust exchanges (the ones that can be converted in a 2-way
cycle) instead of non-robust ones

• Maximisation of the number of difficult-to-match recipients transplanted
(i.e. hypersensitised patients)

To date, personnel from the ONT, in collaboration with the SNKEP advi-
sory board are responsible for the implementation of the program. The Web
application has been developed by the IT department of the ONT. The ONT
is currently collaborating with the IT and Maths Department of the Uni-
versity of Gerona [8] and the Department of Economics and Business of the
University Pompeu Fabra of Barcelona, under the scope of the Cost Action
goal of developing different models and implement those that provide us with
better outcomes.

7.3 Operating rules

The results of the matching run are informed to the hospitals and then the
centres that participate in each paired scheme share the relevant information
from the donors (clinical records and image tests that show the anatomy of
the kidneys and the vascularisation) in the following 7 days after the matching
run. If the hospitals agree on proceeding with the exchange proposed, they
share blood streams from the donors to perform the cell-based crossmatch in
the following 5 days (every hospital performs the crossmatch for its recipient).
In case the cell-based crossmatches in the cycle are negative, the centres agree
on a date to perform the nephrectomies and transplantations in the following
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4 weeks. To the end of 2016, 498 patients with 554 donors have been registered
in the program. 23 matching runs have been performed and 171 patients have
been transplanted.

7.4 International collaboration

In 2015, the ONT and the Centro Nazionale Trapianti (CNT) signed an agree-
ment aiming the development of an international kidney exchange program
under the scope of the South Alliance for Transplants (SAT). Both transplant
organisations shared information on their respective exchange programmes
and the ONT transferred its web application for use to the CNT. In 2017, the
Instituto Português do Sangue e Transplantação (IPST) showed interest in
participate in the international program and, since then, the three countries
have worked together to develop the rules of an international kidney exchange
protocol. The following step is the pilot of the project, which will be carried
out joining the unmatched pairs of the three national programmes after their
respective matching runs. The pairs will be recorded in a web application
located at the ONT’s server to carry out the matching run.
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Italy

Written by Pamela Fiaschetti, Vito Sparacino, Emanuele Cozzi, Francesca
Vespasiano, Letizia Lombardini, Alessandro Nanni Costa

The Italian KEP uses the Spanish software for finding matchings, so only
the additional information is summarised below.

8.1 Background

A first working group to start kidney exchange programmes at national level
was set up in 2006. In May of that year the responsible person of the the
Dutch kidney exchange program (KEP) was invited to illustrate in detail
the program during a devoted workshop organised in Italy and a national
group of experts was created in order to develop a national protocol. The
group included clinicians, ethical experts, and legal experts, and the protocol
was shared and approved by the whole transplant network through a consen-
sus conference. It entered into effect in November 2006. The protocol was
updated in 2015 and 2018. The information hereby refer to last version of
protocol.

8.2 Organisation

The National Crossover program utilised initially a matching run software
developed by Pisa Transplant Centre. All Italian kidney transplant centres
were invited to participate in the program but for some year only a few have
been active. In 2015 a bilateral agreement was concluded between Italy and
Spain, thus allowing CNT for the full use of the Spanish software and matching
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algorithm. Ever since the national Italian program adopted this algorithm for
matching runs. In this same year a national protocol for Samaritan donation
was approved and implemented and from that moment on chain were mainly
started from altruistic donor. Since April 2018 the national protocol was
updated, so that chains starting from cadaveric donors are also allowed. The
Italian National Transplant Centre is responsible for the general organisation
of the national crossover program. The incompatible couples are reported
to CNT and registered in a national database. A full set of clinical data
has to be supplied both for donor and recipient in order to fully enter the
program, including a specific consent to the procedure. Transplant centres
should also promptly report updates of such information (at least every six
months). Next, CNT runs the matching software, providing a ranked list of
potential combinations of transplants. The only optimisation criterion is the
selection of chains that allow for the highest number of transplants. A group
of experts, including an immunologist, a nephrologist and an IT expert, plus
CNT Director applies the optimisation criterion and takes final decisions, if
needed. The result of the matching run is then communicated to the involved
transplant centres. Till 2017 a single central laboratory has performed cross-
match tests on the identified potential transplants and sends the results back
to CNT and to the involved transplant centres. Since 2018 cross-match tests
are performed by the reference lab of the recipient transplant centre. The
highest ranked combination of transplants for which all cross-match tests are
negative for all included transplants, is then performed. Patients and their
donors remain in the transplant centre where they are treated, and organs
are transported.

8.3 Matching criteria

The Italian KEP only contains patient-donor pairs that are either ABO or
HLA incompatible. Altruistic donors are instead included and chains can
also be started from cadaveric donors. Transplants identified through the
KEP must be both ABO and HLA compatible. There is no maximum cycle
length imposed a priori, but solutions containing long, logistically unfeasi-
ble cycles can be rejected. The matching software used by the Italian KEP
was developed by the ONT (Spain). For a detailed description of the match-
ing algorithm, we refer to the description of the Spanish KEP. The Italian
KEP employs a different ranking criterion for solutions, that is essentially the
maximisation of transplant number.. This is done mainly because of the low
number of couples so far reported by centres and the fact that matching runs
are not regularly launched.
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Sweden (and Scandinavia)

Written by Tommy Andersson

9.1 Introduction

This note describes the maximum weight matchings techniques, developed by
the author and his colleagues, used in the Scandiatransplant Kidney Exchange
Program.
Scandiatransplant is the organ exchange organisation for the countries Den-
mark, Estonia1, Finland, Iceland, Norway, and Sweden. It covers a population
of about 28.2 million inhabitants. Like in many other regions and countries,
there is a shortage of kidneys in Scandinavia. As of January 1, 2018, there
were 2,208 patients on the kidney transplant waiting list in the Scandiatrans-
plant membership countries.2 In 2017, a total of 1,253 kidney transplants
was performed in the region.3 Of these transplants, 26.4 percent of the kid-
neys came from living donors. However, kidneys from living donors are rarely
transplanted in Finland (only 29 kidneys in 2017). By excluding Finland,
a total of 29.8 percentage the kidneys came from living donors which then
places the Scandiatransplant membership countries in the European average.

1Estonia joined Scandiatransplant on October 1, 2017. The waiting list and transplantation
figures for Estonia stated in this note start from this date. Figures for all countries are available
at http://www.scandiatransplant.org.

2More precisely, 543 in Denmark, 60 in Estonia, 460 in Finland, 0 in Iceland, 460 in Norway,
and 685 in Sweden.

3More precisely, 257 in Denmark, 0 in Estonia, 240 in Finland, 8 in Iceland, 274 in Norway,
and 474 in Sweden.
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In 2013, the Swedish National Council on Medical Ethics [42] discussed the
possibility to allow kidney exchange in Sweden. One year later, the author
had a meeting with transplant surgeons and immunologists in Sweden and
the first step towards a Swedish kidney exchange program was taken. Con-
tact between the Swedish transplant community and Scandiatransplant was
established two years later and the first formal steps toward a Scandinavian
kidney exchange program was taken in 2016. At that time, it was also de-
cided that the Swedish program should start first and that other countries will
be invited to participate later. Denmark and Norway will join the program
in 2019. The Swedish program was also given the name Scandiatransplant
Kidney Exchange Program (STEP, henceforth) to account for future partic-
ipation of Scandiatransplant membership countries. The long term purpose
of the STEP is to identify “optimal” sets of kidney exchanges in regular in-
tervals based on the donors and recipients registered in the kidney exchange
database. The notion of optimality has been decided by the Swedish Kidney
Group and it has also been approved by the Nordic Kidney Group. Initially,
it was decided that only two-way exchanges should be allowed but that larger
cyclical exchanges and donor chains will be allowed in the future when the
program is fully operational.

The optimisation algorithm for identifying optimal solutions for the match-
ing runs of STEP have been developed by the author and his colleagues. What
makes STEP somewhat different from other kidney exchange programmes is
that patients not only classify donors as compatible and incompatible, they
also have the option to classify donors as half-compatible. The reason for this
is recent developments in immunosuppressive protocols and, more specifically,
the possibility to transplant kidneys over the blood group barrier. A patient
is said to be compatible with a donor if they are both blood group and tissue
type compatible. If a patient and a donor are tissue type compatible, blood
group incompatible but transplantation over the blood group barrier is fea-
sible, they are said to be half-compatible. Here, it is also important to note
that the medical literature has established that the five-year graft survival
rate and patient survival rate for living donor kidney transplants across the
blood group barrier are identical to the corresponding five-year survival rates
for “normal” living donor kidney transplants e.g, [46]. Patients in STEP ac-
cept compatible and half-compatible donors even if the former type of donors
is strictly preferred to the latter as, e.g., additional medical treatments before
and after the transplant can be avoided and time to transplantation can be
shortened. The optimisation algorithm explicitly separates the two notions
of compatibility and aims to maximise the total number of transplants and,
at the same time, minimise the number transplants across the blood group
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barrier.
The overall aim of this note is to describe in mathematical terms the opti-

misation problem to be solved and give an overview of the solution techniques
employed by the STEP algorithm.

9.2 Definition of the Problem and Model

The problem of finding an optimal set of pairwise exchanges in a given
recipient-donor pool essentially corresponds to solving a maximum weight
problem. The kidney exchange pool contains recipient-donor pairs (ri, di)
where no recipient di is compatible with this own donor di. Note, however,
that recipient ri may be half-compatible with his own donor di. Each recipient
classifies all donors in the pool as compatible, half-compatible or incompat-
ible. As explained in the above, there are good reasons to believe that a
compatible donor is strictly preferred to a half-compatible donor. Therefore,
the optimisation algorithm is based on the following assumptions related to
which donors that are acceptable for the recipients. Each recipient strictly
prefers any compatible donor to all half-compatible and incompatible donors,
and any half-compatible donor to all incompatible donors. Each recipient is
also indifferent between any two donors (not including their own) whenever
both are compatible or both are half-compatible with the recipient. Recipients
with half-compatible donors also strictly prefer their own donors to all other
half-compatible donors. Because recipients with half-compatible donors then
only accept being involved in exchanges with compatible donors (i.e., donors
that are strictly preferred to their own half-compatible donors), recipients
with half-compatible donors have an incentive to be part of the exchange pro-
gramme. This, in turn, increases the size of the recipient-donor pool. It is
well-known that the larger the pool is, the higher is the proportion of matched
recipients, see e.g., [38].

Based on the recipient classification of donors, it is possible to construct
a graph G whose vertices are the incompatible recipient-donor pairs in the
kidney exchange database. There is an edge between two recipient-donor
pairs (ri, di) and (rj, dj) if and only if a pairwise exchange between the pairs
(ri, di) and (rj, dj) is feasible. There is a loop at vertex (ri, di) if and only if
recipient ri is half-compatible with his own donor di. Edges in the graph G are
assigned weights based on recipient priorities. More precisely, each recipient ri
is assigned a non-negative priority, π(ri), based on a scoring system employed
by STEP to capture the probability of finding a living compatible or half-
compatible donor both outside the kidney exchange program and within the
kidney exchange framework. This priority is defined by the following product:
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π(ri) = PRA(ri)×(share of donors in the pool that recipient ri is incompatible with),
(9.1)

where PRA(ri) denotes the percentage Panel Reactive Antibody level of recip-
ient ri. The higher priority π(ri), the more difficult it is to find a compatible
or half-compatible donor for recipient ri. Because both factors on the right
hand side of equation (9.1) belong to the interval [0, 1], recipient priorities
take values between 0 and 1. Note also that as soon as one other Scandia-
transplant membership country officially joins STEP, the above priorities will
be replaced by a Transplantability Score currently used in the deceased organ
exchange program in Scandiatransplant. This score is described in [28].

An edge between (ri, di) and (rj, dj) in the graph G is assigned the non-
negative real-valued weight w(i, j) = π(ri)+π(rj)+v(ri, dj)+v(rj, di) where,
for k, l ∈ {i, j} and k 6= l, v(rk, dl) = 0 if recipient rk is half-compatible with
donor dl, and v(rk, dl) = ε if recipient rk is compatible with donor dl. Here,
ε is an arbitrary “sufficiently small” real-valued constant, see [3] for details.
A loop at (ri, di) in the graph G is assigned the non-negative real-valued
weight w(i, j) = π(ri). A weighted graph (G,W ) consists of a graph G and
its corresponding set of weights W .

As will be demonstrated in the next section, the graph G is useful for
identifying kidney exchanges that not only take to two notions of compatibility
into account, but also satisfy the optimisation criteria determined by the
Swedish Kidney Group and the Nordic Kidney Group. These criteria are
stated in [44] and specify that the objectives of STEP are (1) to maximise
the total number of transplanted recipients, (2) to prioritise high priority
recipients, and (3) to minimise the number of transplants across the blood
group barrier.

9.3 Algorithms for Finding Optimal Solutions

The aim of the optimisation algorithm is to identify a matching that satisfy
the above stated optimisation criteria. Informally, a matching M specifies
which transplants to carry out. Half-compatibility priority matchings are of
particular interest for STEP. This class of matchings was first considered by
[3] but will not be formally defined in here. Instead, it is sufficient, for the
purpose of this note, to observe that any half-compatibility priority matching
prioritises recipients with high priorities. Furthermore, the following result
from [3] holds:
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Theorem 9.2. Every half-compatibility priority matching is (i) a Pareto
efficient matching, (ii) a maximum matching, and (iii) minimises the number
of transplants across the blood group barrier among all priority matchings4.

Hence, any half-compatibility priority matching satisfy the above discussed
optimisation criteria. Let now (G,W ) be a weighted graph and let S(M,W ) :=∑

(i,j)∈M w(i, j) be the sum of all edge weights at matching M . A matching
M is a maximum weight matching in (G,W ) if S(M,W ) ≥ S(M ′,W ) for all
feasible matchings M ′.

Theorem 9.3. [3] For any weighted graph (G,W ), a matching is a half-
compatibility priority matching if and only if it is a maximum weight matching
in (G,W ).

A solution to the maximum weight matching problem in Theorem 9.3 can be
found in polynomial time using methods developed by [17]. Note, finally, that
because STEP recently was launched, there is not yet any policy related to
re-optimisation.

9.4 Results Obtained from the STEP matching runs

The Swedish kidney exchange program was officially launched in the end of
2016. It took almost two years before the first transplants was conducted
in October 2018. There are several explanations to the poor performance of
the program, e.g., that most of the registered patients are highly sensitised
(86 percent of the registered patients have a percentage PRA above 85 per-
cent) and lack of public awareness. Two other explanations stand out. First,
Sweden is a small country implying that the recipient-donor database may
be too small. It is therefore of vital importance that both Denmark and
Norway join STEP in 2019 as planned. Second, there is large competition
from transplants over the immunological barrier (mostly ABOi transplants)
which naturally shrinks the size of the recipient-donor pool. As explained in
this note, recipients with half-compatible donors are allowed to participate in
the exchange program and the optimisation algorithm is designed to account
for their participation (recall that any recipient ri in the kidney exchange
database may be half-compatible with his own donor di). Recently, some
recipients with half-compatible donors have, in two of the four Swedish trans-
plant centers, been informed about voluntary participation in the exchange
program but so far the results have been poor (as of September 1, 2018, only
one pair have accepted to participate). These patients will then be included

4Priority matchings was first considered by [37]
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for a “short” time period and if they not are involved in an exchange dur-
ing this period, they will proceed outside of the kidney exchange program
and, consequently, receive the kidney from their own half-compatible donor.
This temporary inclusion will increase the size of the exchange pool which,
hopefully, leads to more transplants. As also demonstrated in a simulation
study by [3], the inclusion of these patients can increase the total number of
transplants with between 20–30 percent (depending on the pool size). Also,
there are no restrictions for recipients with compatible donors to participate
if they would like to do so, but they will not be routinely asked to participate.
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United Kingdom

Written by David Manlove

10.1 Introduction

As of 31 December 2014, 58,968 adults in the UK were receiving treatment
for kidney failure, with 27,804 of those on dialysis [29]. Long-term survival
rates are much better when renal replacement therapy is in the form of trans-
plantation rather than dialysis [29].

However there is a shortage of donors in the UK. As of 31 March 2018,
there were 5,033 patients on the active transplant list (also known as the
deceased donor waiting list or DDWL) waiting for a donor kidney. Between 1
April 2017 and 31 March 2018, 2,573 kidney transplants from deceased donors
took place. The median waiting time to transplant is 782 days for an adult
and 277 days for a child (based on patient registrations between 1 April 2011
and 31 March 2015) [34]. Living donor transplantation generally has better
long-term outcomes compared to deceased donor transplantation [25, 29]. In
the UK, around 28% of all kidney transplants between 1 April 2017 and 31
March 2018 came from living donors [34].

The Human Tissue Act 2004 and the Human Tissue (Scotland) Act 2006
introduced, among other things, the legal framework required to allow the
transplantation of organs between donors and recipients with no genetic or
emotional connection. Following the introduction of this Act, in early 2007
the National Health Service Blood and Transplant (NHSBT) established what
has now become the UK Living Kidney Sharing Schemes (UKLKSS) [26]. The
purpose of the UKLKSS is to identify optimal sets of kidney exchanges and
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Figure 10.1: Paired donation: a pairwise exchange and a 3-way exchange

Figure 10.2: Altruistic donation: a short chain and a long chain

altruistic donor (ADC) chains at regular intervals (currently every quarter)
based on donors and recipients currently in the pool. There is a precise
definition of “optimal” that is determined by NHSBT (and in particular its
Kidney Advisory Group); we will elaborate on this in Definition 10.3 below.

Currently the UKLKSS allows kidney exchanges to be in the form of pair-
wise exchanges and 3-way exchanges, involving two and three incompatible
donor–recipient pairs respectively (see Figure 10.1). ADC chains are also
allowed, in the form of short chains and long chains, each triggered by an al-
truistic donor and involving one and two incompatible donor–recipient pairs
respectively, with the final donor donating a kidney to a recipient on the
DDWL (see Figure 10.2. We will sometimes loosely refer to pairwise and
3-way exchanges as cycles, and likewise we will use the term chain to refer to
either a short or long chain.

Algorithms for constructing optimal solutions for the quarterly matching
runs of the UKLKSS have been developed by the author and his colleagues
and have been used by NHSBT since July 2008. The aim of this note is to
describe in mathematical terms the optimisation problem to be solved, give
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an overview of the solution techniques employed by the UKLKSS algorithm,
present a summary of results from recent matching runs and conclude with
some avenues for future work.

10.2 Definition of the problem model

The problem of finding an optimal set of cycles and chains essentially corre-
sponds to computing an optimal cycle packing in a weighted directed graph.
Suppose we have some number of incompatible donor–recipient pairs (di, ri)
(i.e., di is the willing but incompatible donor for ri)1, and some number of
altruistic donors aj.

We consider the case without altruistic donors first. For this form a di-
rected graph whose vertices are the incompatible donor–recipient pairs vi =
(di, ri). Add a directed edge, or arc, from vi = (di, ri) to vj = (dj, rj) when-
ever di is a compatible donor for rj (with respect to blood- and tissue-type,
and other medical factors such as age restrictions).

Now suppose there are altruistic donors. For each such donor aj form a
pair vj = (dj, rj) where dj represents the altruistic donor and rj is a dummy
recipient who is compatible with each (non-altruistic) donor. (In practice
the dummy recipient indicates a patient on the deceased donor waiting list.)
Add the vertices (dj, rj) to the graph just constructed, and again add an arc
from vj = (dj, rj) to vk = (dk, rk) whenever dj is a compatible donor for rk.
Likewise add an arc from vk to vj whenever dk is a non-altruistic donor. The
resulting directed graph is called the kidney exchange digraph. The following
proposition is then straightforward.
Proposition 10.1. Let D = (V,A) be a kidney exchange digraph. A 2-
cycle (resp. 3-cycle) in D not involving an altruistic donor corresponds to a
pairwise (resp. 3-way) exchange, whilst a 2-cycle (resp. 3-cycle) in D involving
an altruistic donor corresponds to a short (resp. long) chain.

Each arc from vi = (di, ri) to vj = (dj, rj) (where dj is not an altruistic
donor) in the kidney exchange digraph is assigned a positive real-valued weight
w(vi, vj) that arises from a scoring system employed by NHSBT to measure
the potential benefit of a transplant from di to rj. The weight w(vi, vj) is the
sum of the following constituent components:
• Waiting time: 50 × the number of previous matching runs that pj has
been involved in;

1It is not difficult to extend the model presented here to the case where a recipient has multiple
donors, and indeed to the case where a donor has multiple recipients [30], but we omit the details
for space reasons.
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• Sensitisation points (0-50): based on calculated reaction frequency of
pj, expressed as a percentage and then divided by 2;

• HLA mismatch points (0, 5, 10 or 15): based on the HLA mismatch
levels between di and pj (lowest level corresponds to highest score);

• Donor-donor age difference (0 or 3): 3 points if the ages of di and dj
differ by at most 20 years, and 0 points otherwise;

• Final discriminator : the actual age difference between di and dj, nor-
malised to a contribution between 0 and 0.5.

See [26] for more details regarding the scoring system. If dj is an altruistic
donor then the weight of the arc (vi, vj) is 0. The weight of a cycle is the sum
of the weights of the individual arcs in it.

Define a set of exchanges S to be a vertex-disjoint collection of cycles in
D, each of length at most 3. Proposition 10.1 then indicates how the cycles
in S correspond to pairwise / 3-way exchanges and short / long chains. If
vi ∈ V is incident to a cycle in S then vi is said to be matched, otherwise
vi is unmatched. Suppose some vi = (di, ri) ∈ V is unmatched. If di is not
an altruistic donor then each of di and ri is said to be unmatched and will
not participate in a cycle or chain. On the other hand if di is an altruistic
donor then di is also said to be unmatched, but in practice he/she will donate
directly to the deceased donor waiting list. For this reason, we define the
size of S (corresponding to the number of transplants yielded by this set of
exchanges) to be the number of vertices matched by S plus the number of
unmatched vertices corresponding to altruistic donors. The following theorem
is then immediate.

Theorem 10.2. Let D = (V,A) be a kidney exchange digraph with weight
function w. A maximum size (resp. weight) set of exchanges in D gives a
set of kidney exchanges for the corresponding donors and recipients with the
maximum number of transplants (resp. maximum weight).

In practice there are additional objectives (beyond maximising size and
weight) to be satisfied by an optimal set of exchanges constructed for the
UKLKSS. These are mainly associated with mitigating the risk associated
with long chains and 3-way exchanges, and we elaborate on these objectives
now.

Given a 3-cycle C in D with arcs (vi, vj), (vj, vk),(vk, vi), we say that C
contains a back-arc if without loss of generality (vj, vi) ∈ A. In such a case
we say that C contains an embedded 2-cycle involving arcs (vi, vj), (vj, vi). A
3-cycle with a back-arc and an embedded 2-cycle can be found in the digraph
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Figure 10.3: Example kidney exchange digraph

shown in Figure 10.3, comprising vertices (d2, r2), (d5, r5) and (d4, r4). An
effective 2-cycle is either a 2-cycle or a 3-cycle with at least one back-arc.

A back-arc can be seen as a form of fault-tolerance in a 3-cycle. To under-
stand why, consider again the 3-cycle in the kidney exchange digraph shown
in Figure 10.3 involving vertices (d2, r2), (d5, r5) and (d4, r4). If either d5 or r5
drops out (for example due to illness), then the pairwise exchange involving
(d2, r2) and (d4, r4) might still be able to proceed. On the other hand, if either
of the pairs (d2, r2) or (d4, r4) were to withdraw, then this pairwise exchange
would have failed anyway. Thus the risk involved with a 3-way exchange, due
to the greater likelihood (as compared to a pairwise exchange) of the cycle
breaking down before transplants can occur, is mitigated with the inclusion
of a back-arc.

We now present the definition of an optimal set of exchanges for the UK-
LKSS, as determined by the Kidney Advisory Group of NHSBT.

Definition 10.3. A set of exchanges S is optimal if:

1. the number of effective 2-cycles in S is maximised;

2. subject to (1), S has maximum size;

3. subject to (1)-(2), the number of 3-cycles in S is minimised;

4. subject to (1)-(3), the number of back-arcs in the 3-cycles in S is max-
imised;

5. subject to (1)-(4), the overall weight of the cycles in S is maximised.

We give some intuition for Definition 10.3 as follows. The first priority is to
ensure that there are at least as many 2-cycles, and 3-cycles with embedded 2-
cycles, as there would be in an optimal solution containing only 2-cycles. This
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is to ensure that the introduction of 3-way exchanges is not detrimental to
the maximum number of pairwise exchanges that could possibly take place.
Subject to this we maximise the total number of transplants (this is the
number of unmatched altruistic donors, plus twice the number of pairwise
exchanges and short chains, plus 3 times the number of 3-way exchanges and
long chains). Subject to this we minimise the number of 3-way exchanges.
Despite Objective 1, this is still required (see [30] for an example to show why
this might be the case). Next the number of back-arcs in 3-way exchanges is
maximised (note that a 3-way exchange could contain more than one back-
arc). Finally we maximise the sum of the cycle weights.

As an example, relative to Figure 10.3, an optimal set of exchanges com-
prises the short chain involving a1 and (d3, r3), the 2-cycle involving (d2, r2)
and (d4, r4), and the 2-cycle involving (d5, r5) and (d6, r6) (assuming that each
arc has unit weight).

10.3 Algorithms for finding optimal solutions

When only short chains and pairwise exchanges are permitted, an optimal set
of exchanges (with respect to size and/or weight) can be found in polynomial
time using maximum weight matching in a general graph (see, e.g., [6] for
more details). However when 3-way exchanges are allowed (and even in the
absence of altruistic donors), the problem of finding a set of exchanges that
maximises the number of transplants is NP-hard [1] and indeed APX-hard
[6].

Our UKLKSS algorithm uses a sequence of Integer Programming (IP)
formulations (each extending the so-called cycle formulation first proposed
by Roth et al. [39]) to find an optimal set of kidney exchanges with respect
to Definition 10.3. After each run of the IP solver, we use the optimal value
calculated at that iteration to enforce a constraint that must be satisfied in
subsequent iterations. This ensures that once Objectives 1..r in Definition
10.3 have been satisfied by an intermediate solution, they continue to hold
when we additionally enforce Objective r + 1 (1 ≤ r ≤ 4).

At the outset, we deal with Objective 1 in Definition 10.3 (i.e., maximise
the number of effective 2-cycles). Construct an undirected graph G = (V,E)
corresponding to the kidney exchange digraph D, where the vertices in G
and D are identical, and an edge in G corresponds to a 2-cycle in D (i.e.,
{vi, vj} ∈ E if and only if (vi, vj) ∈ A and (vj, vi) ∈ A). Compute N2,
the size of a maximum cardinality matching in G using the Micali-Vazirani
implementation of Edmonds’ algorithm [31].

We now deal with Objective 2 (i.e., maximise the number of transplants).
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max

 nC+nA∑
j=n2+n3+1

xj + 2
n2∑
j=1

xj + 3
n3∑

j=n2+1
xj

 (10.4)

subject to:∑
Cj∈C:vi∈Cj

xj ≤ 1 (1 ≤ i ≤ nP ) (10.5)

xnC+i +
∑

Cj∈C:vnP +i∈Cj

xj = 1 (1 ≤ i ≤ nA) (10.6)

n2+nb∑
j=1

xj ≥ N2 (10.7)

Figure 10.4: IP model for kidney exchange

This time we use an IP model which extends the cycle formulation of Roth et
al. [39] in order to enable unmatched altruistic donors to be quantified. Let
C = {C1, C2, . . . , CnC

} denote the set of all possible cycles of lengths 2 and
3 in the digraph D. Without loss of generality, suppose that the 2-cycles in
C are C1, . . . , Cn2 , the 3-cycles in C are Cn2+1, . . . , Cn2+n3 , and the 3-cycles
with back-arcs in C are Cn2+1, . . . , Cn2+nb

(so nC = n2 + n3). Let x be an
(nC + nA) × 1 vector of binary variables x1, x2, . . . , xnC+nA

, where nA is the
number of altruistic donors, and for 1 ≤ j ≤ nC , xj = 1 if and only if Cj
belongs to an optimal solution, and for 1 ≤ j ≤ nA, xnC+j = 1 if and only if
altruistic donor aj is unmatched. Let nP denote the number of incompatible
donor–recipient pairs in D. The IP model is then as shown in Figure 10.4.

We now provide some intuition for the IP model. Objective function (1)
maximises the number of transplants (2 times the number of selected 2-cycles
plus 3 times the number of selected 3-cycles plus the number of unmatched al-
truistic donors). Constraints (2) and (3) ensure that each donor and recipient
is included in at most one selected cycle, whilst Constraint (3) also ensures
that if no cycle containing a given altruistic donor is selected, then that donor
is set to be unmatched. Finally Constraint (4) ensures that the number of
effective pairwise exchanges is maintained as being optimal. For descriptions
of the IP models for Objectives 3-5 in Definition 10.3, the interested reader
is referred to [30].
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Figure 10.5: The kidney exchange digraph corresponding to the July 2015 matching
run, together with an optimal solution. Turquoise and blue vertices are altruistic
donors (the former trigger long chains whilst the latter are unmatched). Turquoise
and red vertices belong to cycles and chains, whilst pink vertices represent un-
matched donors and recipients.

10.4 Results obtained from UKLKSS matching runs

Prior to our involvement, NHSBT used an in-house algorithm that identified
only pairwise exchanges. With the need to find both pairwise and 3-way
exchanges, a new software application was developed based on the algorithm
described above. At its heart the application uses the COIN-Cbc IP solver2

to solve each of the IP problems involved. COIN-Cbc was chosen due to its
open licence agreement and the need to deploy the application commercially.

The application can either be accessed programmatically through a web
API or alternatively manually via a web interface3. The former version (along
with several prototypes) has been used by NHSBT to find an optimal solu-
tion in each of the UKLKSS matching runs (occurring at roughly quarterly
intervals), since July 2008. The kidney exchange digraph corresponding to
the July 2015 matching run, together with an optimal solution, is shown in
Figure 10.5. 4

Table 10.1 summarises the input to, and output from, each matching run
between January 2016 and October 2017, and from all matching runs since
the UKLKSS began. In each case an optimal solution was returned within 3

2See https://projects.coin-or.org/Cbc
3See http://kidney.optimalmatching.com.
4The software for visualising this digraph was written by Tommy Muggleton.

https://projects.coin-or.org/Cbc
http://kidney.optimalmatching.com
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seconds (on a Linux Centos 5.5 machine with a Pentium 4 3GHz single core
processor with 2Gb RAM).

The table shows key attributes, for each matching run, organised into three
categories, concerning: (i) the kidney exchange digraph D, (ii) the optimal
solution identified by the algorithm, and (iii) the actual transplants arising
from this solution. In Category (i), we indicate the number of vertices and
arcs in D, the number of altruistic donors (which contribute towards the
vertex count), and the numbers of 2-cycles and 3-cycles in D. In Category
(ii) we break the identified solution down into the numbers of pairwise and
3-way exchanges, and short and long chains, showing the overall size and
weight. Finally in Category (iii), we show the numbers of pairwise and 3-way
exchanges, and short and long chains, that actually occurred, together with
the total number of actual transplants.

To date, in total 1429 potential transplants have been identified, resulting
resulted in 849 actual transplants taking place (841 since July 2008). In
general not all the identified transplants proceed to surgery for a number of
reasons, including last-minute tissue-type incompatibilities being discovered,
and donors and recipients becoming too ill for transplant [26].
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